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Preface

The subject of this thesis is developing and applying methods to study forcing properties
in two and three dimensional dynamics using braid theory, PDE techniques and algebraic
topology.

Chapter 1 is an introduction to this thesis. We start with a brief history of the problems
involved and provide intuition and ideas behind our approach. Related known results are
also briefly discussed.

Chapter 2 presents an application of the Conley index for braids to orientation reversing
twist maps. This is joint work with J.B. van den Berg and R.C. van der Vorst, and was
published in [70].

Chapter 3 provides the details of the construction of Floer homology for proper rela-
tive braid classes that was developed together with J.B. vanden Berg, R.C.A.M. van der
Vorst and R.W. Ghrist. The chapter introduces the problem and leads to the definition of a
Floer homology for relative braid classes. We also present the necessary adjustments of the
general Floer theory to the case of braids.

Chapter 4 continues on the ideas developed in the previous one. We discuss properties
and applications of the Floer homology for relative braid classes.

vii
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Hulshof, André Ran, Sarah Day, Federica Pasquotto, Bob Planqué, Bob Rink, Rein van der
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CHAPTER 1

Introduction

1.1. Low dimensional dynamics and topological forcing
A topological structure in two and three dimensional dynamics

Many problems in the natural sciences can be stated and studied in the mathematical
language of dynamical systems. These systems often come with an underlying topological
structure, which can be exploited in order to draw conclusions about their behavior. As an
example of the aforementioned structure, let us consider the non-autonomous differential
equation

x′ = X(x, t),

wherex = (p,q) ∈ R
2, t ∈ R and f : R

2 ×S1 → R is a sufficiently smooth function. In
such a setting, letx(t) andy(t) be two periodic solutions of period one, that intersect in the
(p,q)-plane. When lifted to the extended phase spaceR

3 they link (see Figure 1.1). This
link carries the topological information that we will exploit to study the evolution of the
system, or to conclude existence of additional solutions. This also suggests another concept
that is essential to our studies – forcing. The knowledge of the way that the two trajectories
are intertwined may allow us to construct additional solutions.

q

p
t

y0

x0

p

q

Figure 1.1: The trajectories of two periodic pointsx0 andy0, intersecting in the two dimensional
phase space [left]. Their lifts link as topological circles(end points are identified) [right].
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2 1. INTRODUCTION

A similar approach can be applied to autonomous systems inR
3, that is, to equations

of the form
x′ = Y(x),

wherex∈ R
3. This topological structure cannot be exploited in higher dimensional systems

because linking is trivial in dimensions four and higher. Nevertheless, the above mentioned
approach may be used to obtain results for a wide class of problems. For example, in
the context of the non-autonomous Hamilton equations with one degree of freedom, or for
systems generated by iterating certain orientation reversing diffeomorphisms of the plane.

REMARK 1.1. Throughout the introduction we only number the theorems proved in this
thesis. The references to the results of other authors are given in the comments before or
after their statements.

Dynamical order relations

A well known forcing result in dynamics is Sharkovskii’s theorem proved in 1964 (see
[65]). It concerns one dimensional discrete dynamical systemsand can be formulated as
follows. Let f : I → R be a continuous map, whereI ⊂ R is a bounded interval. The
function f defines a dynamical system in a standard way (xn+1 = f (xn)). Before stating the
theorem we introduce an ordering onN. Every positive integern can be uniquely written
in a form 2r p, wherep is an odd number andr is such that 2r is the highest power of 2 that
dividesn. Using this description we order the natural numbers in the following way:

3≻ 5≻ 7. . . ≻ 2·3≻ 2·5. . . ≻ 2r ·3≻ 2r ·5≻ . . . ≻ 2r ≻ . . . ≻ 2≻ 1.

This isSharkovskii’s ordering. With this we can state the following.

THEOREM (Sharkovskii). If f has a point of period n, then it at least has one point of
period n1, provided n≻ n1.

In particular, if f has a period three point then it has periodic points of all periods. This
explains why this theorem is sometimes referred to as “period three implies chaos” ([45]).
The proof relies on studying carefully how the intervals bounded by the points of a given
periodic orbit are mapped. In the simplest case one can use the intermediate value theorem
to obtain forced solutions. This technique, while interesting and elementary, is restricted to
dimension one.

Poincaré’s geometric theorem

A well-known forcing result in dimension two, is Poincaré’s geometric theorem, origi-
nally presented in 1912 ([59]) and proved by Birkhoff in 1917 ([12]). In its basic form it can
be described as follows. LetA be an annulus of which the boundary consists of two circles
C(r1) andC(r2), with radii r1 and r2 respectively (r1 > r2 > 0). Let f : A → A be a con-
tinuous area-preserving injective map rotating the outer circle in the counter clockwise and
inner circle in the clockwise direction (cf. Figure 1.2). With this we can state the following.

THEOREM (Poincaré’s geometric theorem).Under the above assumptions, f has at least
two fixed points in A.

This theorem illustrates how general knowledge of a problem(area preservation) and
some limited information on the behavior of the map (rotation at the boundary) allows us
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C(r1)

C(r2)

Figure 1.2: The annulus bounded by circlesC(r1),C(r2). The arrows indicate the directions in
which the flow induced byf twists the boundary. Poincaré’s theorem guarantees existence of at
least two fixed points.

to conclude the existence of stationary or periodic orbits.This kind of methodology will be
central in our work.

Twist maps

Poincaré’s geometric theorem above can be interpreted in the context oftwist maps. We
say that a continuously differentiable mapf : R

2 → R
2 has thetwist propertyif there exist

global coordinates(x,y) such that∂x′
∂y > 0 (∂x′

∂y < 0), where(x′,y′) = f (x,y). We call such a
function f a positive(negative) twist map. As an example, consider theHénon map. It is a
invertible map of the plane given by

f : (x,y) = (−y,1−αy2 +x).

This is an orientation and area preserving negative twist map. It is well known for its strange
attracting set, known as theHénon attractor, that exhibits Cantor-set like structures.

Let f be a twist map of the annulus in polar coordinates(r,θ). Then the graph of
f can be schematically presented as in Figure 1.3. This guarantees that, in a sense,f
rotates the outer circle faster than the inner circle. Poincaré’s geometric theorem discussed
above implies thatf has at least two fixed points. Exploiting the fact thatf is a twist map
gives a simple proof to Poincaré’s geometric theorem (see [51]). In general, let(x′,y′) =
f (x,y), then due to the implicit function theorem, there exist functions h1, h2 such that
y = h1(x,x′) andy′ = h2(x,x′). Moreover, area preservation shows that there exists aC2

function h(x,x′) on R
2 such thath1 = ∂1h and h2 = −∂2h (see [48] or [10]). For fixed

points of an annulus twist map the above yields a periodic function h : S1 → R, andh has
at least two critical points (maximum and minimum) which proves Poincaré’s geometric
theorem for area preserving twist maps. In general, ford-periodic points off the trajectory
{ f k(x,y)}d

k=1 = {(xk,yk)}d
k=1, can be uniquely described using itsx-coordinates. Moreover,

a sequencex = {xk} yields anf -trajectory (first coordinates thereof) if and only if

∂iW(x) = 0 (variational principle),

whereW(x) = ∑d
i=1h(xi ,xi+1).
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periodic dθ
dr > 0

2π

θ

rr2r1

Figure 1.3: A twist map in the polar coordinates(r,θ). The radiir1 andr2 correspond to the
boundary components of the annulus. The fact thatdθ

dr > 0 guarantees that the circles bounding
the annulus have different rotation speeds underf .

For an annulus twist mapf , its trajectories can be fully determined using only the angle
coordinatesθi . By the same token as above, there exists a functionW such that

∂iW(θ0,θ1, . . . ,θn−1) = 0 i = 1, . . . ,n, (1.1)

if the θi denote the angular coordinates of ann-periodic orbit. Observe thatW is defined on
then-dimensional torus. The question arises if the topologicalproperties of the underlying
manifold can provide us with any information about the critical points ofW. Important
contributions to the theory of twist maps were made by Moser [57], Mather [48], Aurby &
Le Daeron [10], Angenent [2], and Boyland [16].

Morse theory

Morse theory, in its simplest form, can be described in the following way. Consider
an n-dimensional smooth compact Riemannian manifoldM. Let h : M → R be a smooth
function such that all its critical points (x is critical if dh(x) = 0) are non-degenerate (the
Hessian ofh atx, denoted byHsh(x), is invertible). Then to all points in

Crith := {x∈ M | dh(x) = 0}
one can assign the Morse index

µ(x) = dim Eig−Hsh(x),

where Eig−Hsh(x) denotes the space spanned by eigenvectors corresponding tonegative
eigenvalues ofHsh(x). Also

ck := #Critkh = #{x∈ Crith | µ(x) = k},
is the number of critical points of indexk.
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Morse theory gives a relation between Crith and the topology of the underlying manifold
M. To measure the topological properties ofM one uses concepts from algebraic topology.
Recall that the Betti numbers ofM are defined by

βk = dimHk(M) k∈ {0, . . . ,n},
whereHk(M) denotes thek-th singular homology group ofM. We can now state the theorem
about theMorse inequalities.

THEOREM (Morse inequalities).For a smooth function h: M →R with only non-degenerate
critical points it holds that

ck−ck−1 + . . .±c0 ≥ βk−βk−1+ . . .±β0,

for all k = 0, . . . ,n−1, and for k= n we have equality

cn−cn−1 + . . .±c0 = χ(M),

whereχ(M) = βk−βk−1 + . . .±β0 denotes the Euler characteristic of M.

If the condition of non-degeneracy of critical points is removed then the following esti-
mate holds:

#Crith ≥ Cat(M),

where the Cat(M) denotes the (Ljusternik-Schnirelmann) category ofM (the minimal num-
ber of contractible subsets required to coverM). For example

Cat(Tn) = n+1,

and, in particular, forn = 1 we obtain that the number of critical points of a twist map on
an annulus is greater than or equal to 2. That is why Morse theory can be considered a
generalization of Poincaré’s geometric theorem.

The theorem gives also a lower bound on the number of criticalpoints of indexk, i.e.,
ck ≥ βk. The theory is due to Morse (see [55]) and was extended into several important
directions by Thom [68], Smale [66], Milnor [52], Witten [71] and more recently, and most
crucially for our work, by Floer (see Section 1.4).

Thurston-Nielsen theory

Let M be a compact, orientable two-manifold, possibly with boundary and letf : M →
M be an orientation preserving homeomorphism. Iterations off generate a dynamical sys-
tem. We say that two homeomorphismsf0, f1 are isotopic (denotedf0 ≃ f1) if there exists
an isotopyft : M× [0,1] → M such that for allt ∈ [0,1] the mapft(·) is a homeomorphism.
The set of all homeomorphisms ofM can be divided into isotopy classes using the rela-
tion ≃, and the collection of all isotopy classes together with composition forms a group,
known as themapping class group, denoted by MCG(M). If M has a boundary, one usually
considers only homeomorphisms that are the identity on the boundary and isotopes that fix
it pointwise, leading to MCG(M,∂M). Additionally, it is very useful to consider isotopy
classes relative to some finite setA, that is, we take into account only homeomorphisms
leavingA invariant and isotopies fixing it. This yields MCG(M rel A). Combining it with
the boundary case, MCG(M rel A,∂M). In applications one should think ofA as being a
known periodic orbit.
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Figure 1.4: Local pictures of two transverse foliations (one depicted with solid lines and the
other one with dashed lines) with singularities. The figure on the right presents a foliation near
a boundary component.

The core of the Thurston-Nielsen classification theory is that every homeomorphism
can be decomposed into components on which the dynamics is simple and components
with complicated dynamics. To describe the chaotic part, recall the linear hyperbolic toral
automorphisms, namely smooth invertible maps of the torus that uniformly contract one
direction and stretch another. Those are standard examplesof chaotic maps. It is possible to
extend this concept to other surface maps. One needs to replace the orthogonal directions, as
those may not exist in general. One usestransverse foliationswith singularities, which we
do not introduce formally here (for the intuitive picture cf. Figure 1.4). Using the concept
of a transverse measureon foliations (measuring length of arcs transverse to the foliation),
one can generalize the concept of stretching and contracting. We say that a mapf : M →
M is pseudo-Anosov relative the finite set Aif there exist two transverse foliations with
singularities only in points ofA and corresponding measures such that the image off along
one of the measured foliations is stretched with constantλ > 1, whereas along the other it
is contracted by a factor1λ . We say that a map is pseudo-Anosov (abbreviated pA map) if
the setA is empty.

The dynamics of a pA map is complicated (chaotic). On the other side of the scale,
we have maps that are fairly simple. We say that a mapg : M → M is of finite order if
there exists ann > 0 such thatgn = id. Finally, a mapf is Thurston-Nielsen reducible, if
M can be decomposed (we do not make it precise here) into connected components that
are dynamically separated byf and such thatf restricted to each of them is either pA or
finite order. The Thurston-Nielsen classification theorem can be summarized by saying that
every isotopy class in MCG(M rel A) contains a Thurston-Nielsen reducible representative
(provided thatM \A has negative Euler characteristic).

The philosophy is to find a periodic orbit (a setA) that may force chaotic, pA behavior.
We should also mention that in general it is far from trivial to find a setA for which one
can conclude that the given map is pA relative the setA. For an overview of the methods
outlined here, one should consult [17]. The details of the proof of the classification theorem
can be found in [69].

The above methods fall into two categories. Sharkovskii’s theorem and Thurston-
Nielsen theory allow one to prove the existence of periodic solutions using the knowledge of
other periodic solutions, due to the dynamical forcing. On the other hand, results like Poic-
naré’s geometric theorem and Morse theory provide a lower bound on the number of critical
points, using the topology of the underlying manifold. Combining the two approaches, can
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u2

u1
t0 + εt0− ε t0

Figure 1.5: The local picture of the evolution of two solutions of a parabolic PDE that develop
a tangency att0 [middle]. The number of intersections among the solutions drops by two in a
neighborhood oft0.

lead to a new class of results that give insight into the dynamics of the low dimensional
systems. This is the methodology that we will use in this thesis.

1.2. Braids and dynamics
Parabolic equations - braids enter the dynamics

The idea of using the topological structure of linked solutions (braids, knots) to obtain
forcing results in dynamical systems was already used in several settings. In particular, we
mention Thurston-Nielsen theory and the lap number techniques that we will discuss in this
section.

An important motivation for using braid theory comes from the comparison principle.
Consider a parabolic partial differential equation

ut = f (x,u,ux,uxx) = uxx+g(x,u,ux), x∈ R/Z,

whereg is a smooth function. For two solutions of this equation,u1(x, t) andu2(x, t), define
the number of crossings between them by

zu1,u2(t) = #{x | u1(x, t) = u2(x, t)}.
It turns out thatz is a non-increasing function of time, and ifu1 and u2 intersect non-
transversally (topologically) then the intersection willbe destroyed (cf. Figure 1.5). This
was first observed by Sturm and later used and extended by manyauthors including Matano
[47], Brunovsky and Fiedler [19], Angenent [3], [6], etc. Similar techniques were used in
the context of curve-shortening to prove existence of geodesics on two dimensional mani-
folds (see [6, 5]).

Lifting u1 and u2 to the (x,u,ux)-space, one recognizes a braid structure (cf. Figure
1.6) as two solutions wind around each other. The fact thatzu1,u2 is non-increasing int,
translates into the language of the braid theory: along the evolution the complexity of the
braid corresponding to those solutions cannot increase.

Braids and braid classes

Intuitively it is clear what a braid is, and the mathematicaldefinition reflects this in-
tuition. Roughly speaking, a braid consists of several strings that are intertwined. To be
precise, we consider a braid to be a collection ofn continuous curvesuα [0,1] → R

3, called
strands, that are transversal to all planes parallel to one of the directions. For example, we
can assume∂uα

1 > 0 for all α, whereuα = (uα
1 ,uα

2 ,uα
3) (cf. Figure 1.7). Moreover, strands

are assumed to have disjoint images (they do not intersect).
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u

x
uxx

u

Figure 1.6: Two solutions of a parabolic equation [left]. Their lift to (x,u,ux,)-space [right].

u1

u5

u2

u3

u4

σ = {1,2}{3}{4,5} σ = {1,2}

u1 u2

Figure 1.7: Two conventions for presenting braids. Horizontal – a braid on 5 strands consisting
of two connected components [left]. Vertical – a braid on twostrands (a single component)
[right]. Both have the corresponding permutation indicated.

The braids considered in this thesis are closed. This does not necessary mean that all
strands are periodic, but that there exists a permutationσ on n elements such thatuα(1) =

uσ(α)(0) for all α∈{1, . . . ,n} (cf. Figure 1.7). We will denote the braids using bold font, i.e.,
u = {u1, . . . ,un}, omitting the corresponding permutationσ if it is clear from the context.
Cycles of the permutation divide braids intobraid components(see again Figure 1.7).

We say that, two braids are equivalent if one can be deformed into the other without
creating any intersections along the path. The equivalenceclasses of this relation are called
braid classes. For a schematic presentation of a braid class and examples of equivalent
braids see Figure 1.8. Observe that two different braid classes onn strands are necessary
separated by so calledsingular braids, i.e., collections of curves thatdo have intersections
among the strands (cf. Figure 1.8).

Singular braids can have intersections of different degreeof degeneracy ranging from
two strands having a single isolated crossing to two (or more) strands collapsed onto each
other. They can be viewed as the boundaries between braid classes. Observe that a con-
tinuous path between the representatives of two braid classes sharing a co-dimension one
boundary component contains a singular braid that has one intersection among the strands
(of course choosing a path through the aforementioned boundary components). At this
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Figure 1.8: Schematic picture of a braid class with two representatives indicated [left] and
[right] and a singular one corresponding to a point on the boundary of the class [middle].

ux

x
x

u

u

Figure 1.9: A braid on two strands [left]. The braid diagram (piecewise linear representant of
the class of the two dimensional projection of the braid) [right].

point recall, the behavior of the parabolic flow, in which thetransversal intersections of two
solutions are destroyed along the evolution.

The algebraic structure of braids

A discretized braid diagramis created from a braid by considering a (generic) two
dimensional projection and then taking a piecewise linear approximation of it (cf. Figure
1.9). In this context, strandsuα are represented ask-tuplesuα := (uα

1 , . . . ,uα
k ), and a braid

as an unordered collection of such tuples. Herek denotes the number of discretization
points. We also keep track of the type of crossings.

Braids carry the following algebraic structure. Let the configuration space be defined as
Cn := {z∈ C

n | zj 6= zi , i 6= j}/Σn whereΣn denotes the permutations onn symbols, i.e.,Cn

is a space of unorderedn-tuples of distinct points inC, or equivalentlyR2. Then the group
of braids onn strands, denotedBn, is defined as the fundamental group ofCn, that is, the
space of equivalence classes of loops inCn (i.e. Bn = π(Cn)). Observe that a loopu on this
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i −1 i i +1 i +2

i −1

i

i +1

i +2

σi

σi

.

.

.

.

.

.

· · ·· · ·

Figure 1.10: Standard representations of the generatorσi .

≈

Figure 1.11: The figure presents two piecewise linear braidsthat have equivalent symbolic
description: the one on the leftσ3σ2σ3σ3σ1 and the one on the rightσ2σ3σ2σ1σ3. Observe that
these braids lie in the same braid class.

space can be viewed as a set ofn unordered pathsuα : [0,1] → R
2 such thatuα1(t) 6= uα2(t)

for α1 6= α2 anduα(0) = uσ(α)(1) for some permutationσ ∈ Σn. By drawing graphs inR3 it
is easy to see that we obtainn strands connecting the plane(0,y,z) with (1,y,z), which are
tangled. Concatenation of two such paths introduces the group structure. Again, two paths
are homotopic if their stands can be homotoped without intersections along the path.

Artin in [9] showed that the braid groupBn can be given the following representation.
Let σi be the braid that twists (exchanges) strandsi and i + 1 with i-th strand passing over
i + 1-st one (positive crossing) and leaving all other strands invariant (the standard repre-
sentation of this generator is presented in Figure 1.10). Then the groupBn can be described
using letters{σ1, . . .σn−1} and their inverses (σ−1

i twists the same strands asσi but i-th
strand passes beneath thei + 1-st;negative crossing) with two equivalence relation among
the combinations of symbols, namely

{
σiσ j = σ jσi for |i − j| > 2, 1≤ i, j ≤ n−1

σiσi+1σi = σi+1σiσi+1 for 1≤ i ≤ n−2

An element of this group is usually presented as a braid diagram i.e. a piecewise linear rep-
resentative of the class (cf. Figure 1.11, which also shows the above equivalence relations).

It is worth to mention two problems related to the algebraic structure of braids. The first
one is the word problem, that is, the question whether it is possible to decide algorithmically
if the two given sequences of generators represent the same element in the braid group. The
affirmative answer was already given by Artin in [9]. The second one is the conjugacy
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Figure 1.12: Along the evolution of the parabolic flow crossings can be destroyed, not created.
Compare to Figure 1.5.

problem. We ask, given two braidsx and y, whether one can algorithmically find (and
decide whether it exists) a braidv such thaty = v

−1xv. This problem was first solved by
Garside in [33]. The results in this paper, in particular, the Garside normal form of a braid
will be also used in Chapter 3.

Parabolic flows and braid diagrams

Let us consider the equations of the form

Ri(ui−1,ui ,ui+1) = 0, (1.2)

whereRi : R
3 → R are increasingin both the first and third variable. Moreover, assume

that the sequence ofRi is periodic, i.e.,Ri+d = Ri for somed ∈ N. Such a sequenceR is
called aparabolic recurrence relation(compare with monotone recurrence relations studied
for example in [4] and [38]). We would like to point out that the properties of a parabolic
recurrence relation resemble those obtained via generating functionh (Section 1.1).

A periodic solution of Equation (1.2),{ui} with ui+d = ui , can be depicted in a diagram
by connecting the pointsui with straight lines. We interpret a collection of such solutions
(sequences) as a (discretized) braid diagram. Due to natureof our problem it is enough
to restrict ourself to positive braids only, i.e., only positive generators. This superimposed
structure becomes natural if we consider theparabolic flow

d
dt

ui = Ri(ui−1,ui ,ui+1).

The change of the position of thei-th point depends on its two nearest neighbors. One can
deduce from the monotonicity properties of the parabolic recurrence relation that, along the
flow, crossings among the strands can be destroyed but not created. If the evolution of the
system develops an isolated tangency in a braid diagram (exactly two points of different
strands collide, Figure 1.12), then the monotonicity conditions onR guarantee that

Ri(ui−1,ui ,ui+1)−Ri(ũi−1,ui , ũi+1) = u′i − ũ′i

has a sign (negative in Figure 1.12). That is, the number of crossings before the collision
will necessarily be greater than the number of crossings after. We already mentioned that
the singular braids (possessing intersections among the strands) can be seen as boundary
between two classes. With this we obtain the intuitive picture presented in Figure 1.13 (in
analogy to the parabolic partial differential equation in Figure 1.5).

Observe that in this setting a strand is just a sequence of points, but for the following
two reasons we connect them piecewise linearly. First, visually it allows to deduce which
points belong to one strand. Secondly, this formalism provides us with a way to encode the
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u

Σ

i −1 i

[u rel v]

i +1

Figure 1.13: A schematic picture of a parabolic flow on a braidclass. Σ denotes the set of
singular braids (boundary of the class).

u0

u1

u0

u0

u1

⊂

Σ

Figure 1.14: In the braid on the left, black strands denote the strands fixed by the flow and the
gray one is allowed to move. In the middle its configuration space is shown and the direction
of the parabolic flow on the boundary is indicated. On the right we see how the configuration
space is positioned with respect to the stationary points ofthe flow (black strands), represented
by the four dots.

decreasing of intersections along the parabolic flow. The properties described above suggest
that one should look at the boundary of a braid class and decide about the direction of the
flow on the singular braids by comparing the number of crossings in the adjacent classes. It
turns out that this is indeed possible, but there are issues one needs to resolve to make this
kind of argument precise (see chapter 2 and [34]).

To give some intuition of how one can use the properties mentioned above, let us discuss
in more detail the example presented in Figure 1.14. Consider the braid depicted on the left
in this figure. We deal with the braid diagram with two discretization points (points on the
left are identified with those on the right). Coming back to the ideas of forcing, assume
that we know four two-periodic solutions of the parabolic flow (depicted as black strands in
the figure). We want to investigate the possible behavior of an additional grey strand under
the evolution of the flow. Observe that the crossing propertytraps the pointu0 between the
points of the black strands. Traversing any of them would increase the overall number of
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crossings of the braid. The situation foru1 is different though, as once it touches any of
the stationary strands it will be forced to move past them (the number of crossing drops in
such a case). Drawing a schematic picture of the braid class in the(u0,u1)-plane and noting
the direction of the flow on its boundary yields the picture inthe middle of Figure 1.14. It
suggests a hyperbolic stationary point, hence an additional (forced) solution.

To prove the existence of forced trajectories one uses the theory of the Conley index
for braid diagrams. For now one should just think of it as an algebraic topology tool, that
allows us to draw rigorous conclusions about the existence of additional solutions inside of
given braid class. The details of the construction of the index are carried out in [34] and
some additional explanation can be found in chapter 2. For the general Conley index theory
we refer to [20] or [54].

1.3. Orientation reversing twist maps
The above ideas can be used to study orientationreversingtwist maps of the plane.

DEFINITION 1.2. A map f is called anorientation reversing twist mapof the plane if it is
C1-smooth and if there exist global coordinates(x,y) ∈ R

2 such thatf given by(x′,y′) =

f (x,y) satisfies the following two conditions: (i) det(d f) < 0, and (ii) dx′
dy > 0. It is called

an orientation reversing twist diffeomorphismof the plane if in addition the functionf is a
diffeomorphism.

Property (ii) is referred to as apositive twist propertyor simply twist property. One
of the questions that Chapter 2 deals with, is how an orientation reversing twist map (dif-
feomorphism) leads to a parabolic recurrence relationR (see [34]). In the case whenf is
an orientation reversing map the situation is more complicated. While it is still possible
to express the second coordinates of the trajectory in termsof the first ones and obtain a
recurrence relatioñR depending on two nearest neighbors, the monotonicity condition does
not hold. That is,̃R is decreasing in the first and increasing in the third variable (details can
be found in Chapter 2). We introduce the following modification:

R0(x−1,x0,x1)
def
= R̃(−x−1,−x0,x1)

R1(x0,x1,x2)
def
= R̃(−x0,x1,x2)

R2(x1,x2,x3)
def
= −R̃(x1,x2,−x3)

R3(x2,x3,x4)
def
= −R̃(x2,−x3,−x4).

Using the monotonicity conditions of̃R we infer thatRi indeed forms a parabolic recurrence
relation in the above (periodic) sense.

Another way to look at this, is observing that for an orientation reversing map, its
seconditerate f 2 can be decomposed asf 2 = f+ ◦ f− with f+ = f ◦Rx and f− = Rx ◦ f ,
whereRx is a linear reflection in they-axis. Observe that bothf+ and f− are orientation
preserving maps, and whilef+ has a positive twist,f− has a negative twist. Thefourth
iterate off can be written as a composition of four orientation preserving maps with positive
twist:

f 4 = f3◦ f2 ◦ f1◦ f0,

where f0 =− f−, f1 = − f+ ◦(−id), f2 = f− ◦(−id) and f3 = f+. Each of the maps defines
anRi and brings us back to the theory of parabolic recurrence relations.
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Figure 1.15: The flip transformation changes the braid diagram corresponding to a period four
orbit point into a diagram of one of two types.

To introduce the braid diagrams in this setting, letz be a period four point off and
denote the points on its trajectory byz0 = z, z1 = f (z), z2 = f 2(z) andz3 = f 3(z). Since
the first coordinatesxi of the trajectoryzi = (xi ,yi) determine the trajectory fully, the corre-
sponding braid diagram is obtained by connecting points(i,xi) with piecewise linear graphs.
Three additional strands are given by shifts of this trajectory, with respectivelyz1, z2 andz3

as starting points. Now we need to incorporate the modifications applied to the recurrence
relation to turn it into a parabolic recurrence relation. Analyzing the definition ofRi, we
see that we need to apply the following transformation to thex-coordinates of points of the
trajectory:

(x0,x1,x2,x3) → (−x0,x1,x2,−x3).

This will result in a sequence that satisfiesRi = 0 if and only if the original{xi} satisfy
R̃ = 0, hence form a trajectory off . We call the above transformation aflip.

One also needs to investigate the effects of the flip on the braid diagrams constructed
from a period four orbit. Initially those lead to six different diagrams depending on the
permutation according to which the period four orbit visitsits points. Applying the flip
transformation to all six diagrams (by reversing the order of points on the flipped coor-
dinates) surprisingly results in diagrams that can be divided into two types. To be more
precise, the resulting diagrams lie in one of the two braid classes, as shown in Figure 1.15.
If the resulting diagram of a given period-four trajectory belongs to the first of the classes
we call it type I point and in the second case we call it type II.Our goal is to look for ad-
ditional stationary solutions inside braid classes, with the strands corresponding to one of
these two types being fixed. Hence we want to investigate the forcing properties (if any) of
the period four points of type I and type II, see Figure 1.15.

The above mentioned type of braid diagram is a crucial element of the classification
of period four orbits for an orientation reversing twist map. It turns out that we need a
technical, but quite natural assumption, namely thatf satisfies theinfinite twist condition,
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i.e.,
lim

y→±∞
πx f (x,y) = ±∞ for all x∈ R,

whereπx denotes the projection onto the first coordinate. With this we can prove the fol-
lowing theorem:

THEOREM 1.3 (Chapter 2).An orientation reversing twist map of the plane that satisfies
the infinite twist condition and that has a type I period-4 point, is a chaotic system, i.e., the
topological entropy of some bounded invariant set inR

2 is positive. Conversely, there exists
an orientation reversing twist map that satisfies the infinite twist condition, has a type II
period-4 point, and that has zero entropy.

Topological entropy is a measure of how complicated the dynamics of the system is
and it essentially measures the growth of distinguishable periodic orbits as the period in-
creases. If this growth is faster than exponential, the entropy is positive. We would like to
stress here that under quite weak assumptions (especially no compactness is required) it is
possible to obtain a fairly general result that classifies the period four orbits. In compari-
son, the Thurston-Nielsen theory does not give a bounded seton which a map is chaotic.
ComapctifyingR

2 to the sphere allows applying the theory. Nevertheless, onecannot obtain
a compact set on which the dynamics is chaotic after returning to R

2 (more knowledge on
the behavior near infinity is required).

What is crucial in the method is to use the diagram obtained through flipping from the
period four orbit as fixed (for parabolic flow) strands of a braid. Through these strands we
can thread an additional strand(s) and the braid class created like this will have a non-trivial
Conley index. This can be seen by comparing Figures 1.14 and 1.15, since the braid of
type I consist of two copies of the braid depicted on the left of Figure 1.14. The analysis
at this point becomes similar to the one that was described when discussing the example in
Figure 1.14. Adjusting it to the braid of type I allows the construction of many additional
orbits leading to the construction of a semi-conjugacy to the shift on three symbols. This
semi-conjugacy is used to obtain a lower bound on the topological entropy and to conclude
the chaotic nature of the system having a period four orbit oftype I.

To finish the classification of period four orbits, we need to construct an example of non-
chaotic twist map having a period four orbit of type II. This is done by lifting a classical and
thoroughly studied one dimensional logistic map to dimension two. Details can be found
in Chapter 2. The rest of that chapter deals with a version of the above result that does not
require the infinite twist condition, but instead requires map f to be a diffeomorphism.

THEOREM 1.4 (Chapter 2).An orientation reversing twist diffeomorphism of the plane
that has a type I period-4 point is a chaotic system, i.e., there exists a compact invariant
subsetΛ ⊂ R

2 for which f|Λ has positive topological entropy. Conversely, there exists
an orientation reversing twist diffeomorphism with a type II period-4 point that has zero
entropy.

As an example Let us come back to theHénon map. Its general form is

f (x,y) = (βy,1−αy2 +x),

whereα and β are real parameters. This map has the twist property forβ 6= 0 and for
β > 0, is orientation reversing, while forβ < 0 it is orientation preserving. Observe that
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∂x′
∂y = β 6= 0, and since

d f(x,y) =

(
0 β
1 −2αy

)
,

the Hénon map is area preserving if and only if|β| = 1. The results presented in Theorems
1.3 and 1.4 can be applied to this map (see Chapter 2).

1.4. Floer homology for relative braids
Area preserving maps and the Hamilton equations on the disc

The area preserving maps of theD
2 can be seen as a generalization of twist maps of the

disc (orR2). On the other hand, there exists a strong connection between the solutions of the
Hamilton equations and area preserving maps. Consider compact 2-dimensional symplectic
manifold(M,ω), i.e.,ω is a non-degenerate closed 2-form onM. Let H : R/Z×M → R be
smooth, and letXH be the Hamiltonian vector field generated byH, i.e.,

iXH ω(·, ·) = ω(XH , ·) = −dH.

Then the Hamilton equations are given by

dx
dt

= XH
(
t,x

)
. (1.3)

The solutions of this equation generate a family of mapsψt
H : M → M satisfying

d
dt

ψt
H = XH ◦ψt

H ψ0
H = Id. (1.4)

The link between the solutions of the Hamilton equations andarea preserving maps can
be observed by analyzing Equation (1.4) in the caseM = D

2. One can prove that the family
ψt

H preserves the symplectic structureω0 = dp∧dq, which is equivalent, in dimension two,
to preserving the area and orientation. GivenH, the Hamilton equations yield a time-1
mapψ1

H that is area preserving. On the other hand, for each orientation preserving map
f : D

2 → D
2 that preserves the area, there exists a hamiltonianH f such thatf is the time-1

map of the flow given by

ẋ(t) = XH f (t,x).

The above observations allow us to translate the results concerning orientation pre-
serving maps of the disc to the results for the Hamilton equations, and vice versa. The
information about the dynamics of time-1 maps gives insightinto the flow defined by the
Hamilton equations. As an example, fixed points off correspond to 1-periodic orbits of the
Hamiltonian flow. On the other hand, the periodic orbits of

ẋ(t) = XH(t,x),

translate to the periodic orbits for the area and orientation preserving map (time-1 map of
the flow).
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Arnold Conjecture

The main motivation of Floer’s original work was a long standing conjecture due to
V.I. Arnold. Define the set of one periodic solutions of the Hamilton equations, which is
equivalent to the set of fixed points of the time one mapψ1

H (see Equation (1.4))

CritH :=

{
x : R/Z → M

∣∣∣∣
dx
dt

= XH(t,x)

}
.

We use the notation of critical points analogous to Morse theory to stress the fact that
the set of one periodic solutions corresponds to the critical points of an appropriate action
functional (see below). In this contextx∈ CritH is called non-degenerate if

det
(

Id−dψH(1)
(
x(0)

))
6= 0. (1.5)

The Arnold conjecture was first proposed in [7] and can be stated as follows.

THEOREM (Arnold Conjecture).Let (M,ω) and H be as above and assume that all x∈
CritH are non-degenerate. Then

#CritH ≥
2n

∑
i=0

dimHi(M),

where Hi(M) denotes the singular homology of M.

This theorem improves on the Lefschetz fixed point theorem proved in [44], which
bounds the number of one-periodic points by the alternatingsum of Betti numbers (dimen-
sions of the homology groups). The result was also known previously for Hamiltonians
that aret independent (autonomous systems), as in this case CritH coincides with critical
points ofH; it is then enough to show that the nondegeneracy condition from the theorem
above implies thatH is a Morse function, as we can apply standard Morse theory. The
first progress in proving the conjecture in more general settings was obtained by Conley
and Zehnder in [21], where they proved the conjecture for then-dimensional torus using a
variational principle on the loop space. Then Gromov [36] proved existence of at least one
critical point using pseudo-holomorphic curves. Floer, inhis series of papers [27, 28, 29],
managed to combine the ideas of Conley and Zehnder with thoseof Gromov to develop
an alternative for Morse theory that allowed him to prove theArnold conjecture for a large
class of symplectic manifolds. Further generalizations ofthe methods were done by Hofer
and Salamon [39] and Ono [58]. Floer’s proof of the Arnold conjecture has been extended
to all compact symplectic manifolds by Fukaya and Ono in [31], Liu and Tian in [46].

The example of how Morse theory can be applied to an autonomous system suggests
that it is possible to adapt the proof of the Arnold conjecture for time dependent Hamil-
tonians. OnD2 (or R

2) the Hamiltonian action functional on the space of loops is given
by

fH(x) = −
∫ 1

0
α0

(
xt(t)

)
+

∫ 1

0
H(t,x(t))dt,

wheredα0 = ω0 (i.e.,α = pdq in the standardR2). In this setting, critical points offH are
in fact solutions of the Hamilton equations.

When trying to follow the ideas of Morse theory, one is faced with the following ob-
structions. The first one is that the action functional is notbounded, neither from above nor
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from below. Moreover, the fact that its spectrum is unbounded in both directions prevents
us from defining a counterpart of the Morse index in any meaningful sense. Additionally,
the L2 gradient flow of fH does not define a well posed initial value problem. Those are
some of the main reasons why the Arnold conjecture was open until the Floer’s work.

As natural choices of gradient dynamics we may consider boththeL2 or theW
1
2 ,2 gra-

dient flow. The latter yields an ordinary differential equation with a well posed initial value
problem and defines a flow. TheL2 gradient yields an elliptic partial partial differential
equation – the nonlinear Cauchy-Riemann system – for which the initial value problem is
ill posed. In this case one needs to restrict to the set of bounded solutions. The advantage
of using theL2 gradient over theW

1
2 ,2 gradient flow is that it satisfies the so called cross-

ing principle, an analogue of the lap number techniques for parabolic equations, which is
not satisfied by theW

1
2 ,2 gradient flow. We will explain the implications of the crossing

principle in the next section.

The Cauchy-Riemann equations in the setting of braids

To studyn-periodic solutions, or a number of solutions of different integer periods, we
can employ the structure of braids. Starting with ann-periodic solution of (1.3) we can
describe the whole trajectory on the interval[0,1] using its translates, i.e., define

x1(t) = x(t), x2(t) = x(t +1), . . . , xn(t) = x(t +n−1).

Each of thexi forms a strand in a braid that corresponds to a given solutions x. Observe
that if we want to consider the collection of above curvesxi : [0,1] → D

2 as a braid we
need to show that their images are disjoint (we assume thatn is a minimal period). This
is, indeed the case due to the uniqueness of the initial valueproblem for the Hamilton
equations. In fact, in this way we can superimpose several different solutions, possibly
with different periods, as one braid, by considering the strands generated by the different
solutions together.

To stress this braid oriented approach we use the notationx for the collection of strands
{x1, . . . ,xn}. The associated permutation onn symbolsσ is defined by

xk(1) = xσ(k)(0). (1.6)

For a single solution the permutationσ of the corresponding braid is just a cyclic permuta-
tion, but for collections of solutions it is of course more complicated. The action functional
for the Hamilton equations takes the form

fH(x) = −
∫ 1

0
α0(xt(t))+

∫ 1

0
H(t,x(t))dt, (1.7)

with α0 = pdq. Let x be a braid, then its action is defined by

fH(x) :=
n

∑
k=1

fH(xk).

The Hamilton equations corresponding to this action functional can be viewed as a system
of 2n equations on(D2)n with H̄(t,x) = ∑k H(t,xk), coupled via the boundary conditions
given in Equation (1.6).
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Following the ideas of Morse theory, we want to analyze a ‘negative gradient flow’ of
fH . Formally,

d fH(x)δx =

∫ 1

0

[
−pδq′−δpq′ +Hpδp+Hqδq

]
dt

=

∫ 1

0

[
−q′ δp+ p′ δq+Hpδp+Hqδq

]
dt

=

∫ 1

0
〈J0x′ + ∇H,δx〉dt,

where

J0 =

(
0 −1
1 0

)
.

We add a new variable time variables to the system to define a negative gradient flow offH ,
which reads

∂uk

∂s
+J0

∂uk

∂t
+ ∇H(t,uk) = 0. (1.8)

Again, the equations foruk are coupled through the boundary conditions in Equation (1.6).
Here we useu to denote the solutions of the above equation to stress the dependence on
s. The linear part of the above equations,∂uk

∂s + J0
∂uk

∂t , is the reason why we call them
the Cauchy-Riemann equations. Observe that in this setting, the periodic solutions of the
Hamilton equations are the stationary braids of the Cauchy-Riemann equations (1.8). The
equations do not define a well-posed initial value problem, as one can obtain a solution only
if the Fourier coefficients of the initial condition decay sufficiently fast. Hence we restrict
our attention to the set of bounded solutions, denotedMJ,H . The next step is to prove
thatMJ,H is compact in theC1

loc topology. This leads to a version of Floer’s compactness
theorem.

THEOREM 1.5 (Compactness, Chapter 3).The set of bounded solutions (braids)MJ,H is
compact in the topology defined by convergence on compact subsets ofR× [0,1].

The proof of this theorem follows form interior regularity for the Cauchy-Riemann
operator; details can be found in Chapter 3.

Crossing principle

The crucial interplay of the dynamics of the Cauchy-Riemannequations and the topo-
logical structure of braids is expressed in thecrossing principle. The basis of this principle
is the analysis in the case of two strands satisfying the Cauchy-Riemann. In the ‘generic’
case two strands intersect at a single point (Figure 1.16). This is the analogue of the prop-
erty of parabolic flows on the braid diagrams. Observe that while two stands of a braid have
disjoint images, they “overlap”, i.e., intersect in projection. This overlap (corresponding
to a generator in the braid word), is called acrossing, and we distinguished positive and
negative types of crossings (cf. Figure 1.16). The crossingis negativeif the strand ‘coming
from the left goes below the one from the right’ andpositivein the other case.

Consider the ‘generic’ local picture as in Figure 1.16. Thatis, two strands (solutions)
u1 andu2 which intersect at an isolated point(s0, t0). The Cauchy-Riemann equations for
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Figure 1.16: The labeling convention for crossing types: negative [left] and positive [right].
Two strands (solutions)x andy intersecting at a single point [center]. The flow (ins) changes
negative into positive crossing.

u1 = (p1,q1) andu2 = (p2,q2) are

u1
s +J0u

1
t + ∇H(t,u1) = 0,

u2
s +J0u

2
t + ∇H(t,u2) = 0.

Define the differencez= u1−u2 and let us investigate how it changes along the evolution
of the system. Observe thatzsatisfies

zs+J0zt + ∇H(t,u1)−∇H(t,u2) = 0,

and at(s0, t0) it simplifies to

zs+J0zt = 0.

In the extended phase space, we haveu1 = (p1,q1, t) andu2 = (p2,q2, t) which yields

u1
t ×u2

t =




q1
t −q2

t
−(p1

t − p2
t )

p1
t q2

t − p1
t q2

t


 .

On the other hand, in thep,q-plane, we havezt = (p1
t − p2

t ,q
1
t −q2

t )
T . Hence we get

πp,q(u
1
t ×u2

t ) = −J0zt ,

whereπp,q denotes the projection on thep,q-plane. Consequently,

zs ·πp,q(u
1
t ×u2

t ) = −J0zt ·πp,q(u
1
t ×u2

t ) = ‖J0zt‖2 > 0.

That is,zs has the same direction asπp,q(u1
t ×u2

t ), hence ass increasesu2 “moves downward
faster” thanu1, as indicated in Figure 1.16.

We define thecrossing numberof a braidx by

Cross∗(x) = #negative crossings−#positive crossings.

Observe that the crossing number is only defined for (not singular) braids. Along the evo-
lution under the Cauchy-Riemann equations,u ∈ MJ,H may develop an intersection ats0.
Then Cross∗(u(s0)) is not defined. We have the following.

LEMMA 1.6 (Crossing lemma, Chapter 3).Where defined,Cross∗(u(s)) is a non increasing
function as a function of s.
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Figure 1.17: Sketch of a relative braid classJx rel yK and some representatives.

The proof (see Chapter 3) relies on the fact that the properties of solutions of the
Cauchy-Riemann equations are similar to those of complex differentiable functions. In
particular, two solutions are either equal for all(s, t) or their difference has only isolated
zeros. This is due to the general similarity principle (see [40]).

Floer homology for relative braid classes

The idea of forcing leads to the concept of relative braid classes. LetΩn denote the set
of braids onn strands. Definex∪ y for x in Ωn andy in Ωm as the collection of strands
of both braids. If none of the strands ofx∪ y intersect thenx∪ y ∈ Ωn+m. The braidy
will be called theskeletonandx the free strands. For fixedy, defineΩn rel y, as the space
consisting of allx∈ Ωn, such thatx∪y∈ Ωn+m. We will call elements of this spacerelative
braids.

In this setting[x] rel y denotes a path component ofx rel y in Ωn rel y, that is, all equiv-
alent relative braids with a fixed skeletony. Intuitively, [x] rel y describes a class of braids
that can be deformed onto each other without creating any intersections along the homotopy
while keeping the skeletal strandsy fixed. The concept of the relative braid class allows us
to obtain a finer decomposition of the space of braids (cf. Figure 1.17). Observe that one
may consider a more general version of a relative braid class, namely let

Ωn,m =
{

(x,y) ∈ Ωn×Ωm | x∪y ∈ Ωn+m
}

,

and denote the path component ofx∪y ∈ Ωn+m in Ωn,m by Jx rel yK (cf. Figure 1.17).
A relative braid class isproper if its boundary does not contain a representative with

a free strand that has entirely collapsed onto another one (be it free or fixed), or onto the
boundary of the disc. Let[x] rel y be a proper relative braid class, then we define

MJ,H([x] rel y) := {u ∈ MJ,H | u(s, ·) ∈ [x] rel y for all s∈ R},
a set of bounded solutions of the Cauchy-Riemann equations within a given braid class
(cf. Figure 1.18). The crossing principle guarantees the isolation property for such proper
classes, and with it the associated compactness properties.
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[x] rel y

[x] rel y

MJ,H([x] rel y)

Jx rel yK

Figure 1.18: The set of bounded solutionsMJ,H
(
[x] rel y

)
restricted to a relative braid class

[x] rel y.

From this point on we follow the Floer’s original work, although the braid structure
forces us to replace some of the concepts with the counterparts that take into account the
‘σ-periodicity’ of braids. The first step is the definition of a relative index1 for critical
points of the action functional. Then we face the issue of transversality. Solving those two
problems will finally allow us to define chain groups and the boundary operator. For the
purpose of this introduction we only indicate the necessaryadjustments and the reader is
advised to go to Chapter 3 for the details.

The definition of a relative index is an adapted version of thetheory presented in [60]
and [61] that develops the Maslov index and Conley-Zehnder index for Lagrangian paths.
For two stationary solutionsx−,x+ ∈ CritH and an orbitu connecting them, the linearized
Cauchy-Riemann operator can be written as

∂̄K,∆σ =
∂
∂s

+J0
∂
∂t

+K(s, t),

whereK(s, t) is a family of 2n × 2n symmetric matrices. This operator acts on functions
satisfying the boundary conditions given by Equation (1.6), and the familyK satisfies a
certain limit conditions dictated throughx− andx+. For non-degenerate (see Chapter 3)x−
andx+, the operator̄∂K,∆σ is Fredholm on appropriate function spaces, that is, its kernel and
co-kernel are both finite dimensional. Using this property one can obtain a relative indexµ
for stationary points so that

ind ∂̄K,∆σ = dimker∂̄K,∆σ −dimcoker̄∂K,∆σ = µ(x−)−µ(x+).

The relative indexµ is defined using Maslov indices (see Chapter 3).
Roughly speaking, by choosing the Hamiltonians in a large enough class, bounded

solutions generically have the property that∂̄K,∆σ is Fredholm and surjective. This implies

1Compare with the fact that the Morse index is not well defined in this context as remarked in the ’Arnold
Conjecture’ section.
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Figure 1.19: The possible boundary components of the manifold of connecting orbits between
points with index difference two. In particular the number of connections via intermediate
points is even.

via the implicit function theorem that the spacesM
J,H
x−,x+ ⊂ MJ,H of connecting orbits are

smooth manifolds of dimension

dim M
J,H
x−,x+ = µ(x−)−µ(x+). (1.9)

Define the chain groups as free Abelian groups with coefficients in Z2 over the points
of indexk, i.e.,

Ck := span
Z2
{x ∈ CritH : µ(x) = k}.

Under genericity assumptions, Equation (1.9) guarantees that, modulo reparametrization of
the trajectories, we have only finitely many connections between points with index differ-
ence one. This is crucial, as it allows us to define the boundary operator∂k : Ck →Ck−1 as
the linear map that for anyx ∈ CritH([x] rel y) with µ(x) = k is given by

∂kx = ∑
µ(x′)=k−1

n(x,x′)x′,

wheren(x,x′) = #M
J,H
x,x′ mod 2.

We say that pointsx−,x+ with µ(x−)−µ(x+) = 2 are connected via abroken trajectory
throughx′ (Figure 1.19), ifµ(x−)−µ(x′) = 1, andM

J,H
x−,x′ andM

J,H
x′,x+

are both non-empty.
In this setting the square of the boundary operator counts the number of broken trajectories
connectingx−,x+ via all possible intermediate points. Further analysis of the Cauchy-
Riemann equations reveals that the connected components ofspacesMJ,H

x−,x+ can only be
homeomorphic toS1 or (0,1). The closure of(0,1) in MJ,H is obtained by adding two
‘ends’ 0 6= 1, which corresponds to broken trajectories (gluing principle, cf. Figure 1.19).
Hence the number of broken trajectories is always even and itholds that

∂k ◦∂k+1 = 0.

We thus conclude that
(
Ck,∂k

)
forms a chain complex. With this we can define the Floer

homology of a proper relative braid class[x] rel y as

FHk([x] rel y,J,H) :=
ker(∂k)

im(∂k+1)
.

Floer homology satisfies the following invariance.
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Figure 1.20: Braid with generatorsσ1σ2σ−1
1 σ−1

1 [left] and the representative of the same braid
class in a Garside normal form [right].

LEMMA 1.7 (Continuation).For a proper relative braid class[x] rel y Floer homology does
not depend on the choice of J or the Hamiltonian H fixingy.

Moreover, homotopies of the skeletony (in an appropriate sense) do not change the
Floer homology allowing us to define it for a proper braid class Jx rel yK (cf. Figure 1.17).

THEOREM 1.8. Let [x] rel y and [x′] rel y′ be in a proper relative braid classJx rel yK, then
it holds that

FH∗([x] rel y) = FH∗([x′] rel y′).

In particular, the Floer homology is an invariant of the class Jx rel yK. This justifies the
notation FH∗(Jx rel yK).

With this theorem we start investigating the properties of the Floer homology for the
relative braid classes. LetH be a Hamiltonian fixing a given skeletony, then we have the
following.

THEOREM 1.9 (Chapter 4).Let Jx rel yK be a proper braid class. If

FH∗
(
[x] rel y

)
6= 0,

then CritH([x] rel y) 6= ∅.

Additionally, we can obtain the following counterpart of the Morse inequalities. Let
βk = dimFHk(Jx rel yK) be thek-th Betti number of the Floer homology. Then, for a generic
HamiltonianH fixing y, the number of critical points of indexk in [x] rel y is bounded from
below byβk.

Every braid class has a representative that consist of a positive braid and a number of
negative half twists. This corresponds to theGarside normal formof the braid (see [33]).
As a corollary one can deduce that each braid class can be represented by a braid with a
positive part concatenated withl ∈ N full negative twists. In Figure 1.20 we present an
example of a braid and its normal form. Above guarantees thatthere exists a representant
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β(x rel y) of the classJx rel yK that can be written as

β(x rel y) = 2
−l ·β(x+ rel y+), (1.10)

whereβ(x+ rel y+) contains only positive generators,2 denotes a full positive twist and
l ∈ N. We have the following result

THEOREM 1.10 (Chapter 4).For a proper classJx rel yK on n strands (both skeletal and
fixed). Then there exists a minimal natural number l satisfying Equation(1.10)such that

FH∗(x rel y) ∼= FH∗−2nl(x+ rel y+).

This allows us to restrict our attention to braids with positive generators only.

1.5. Extensions and future work
Connection with the Conley index for braids

Above we have defined the Floer homology of a relative braid class, suggesting that it
allows us to obtain forcing results for the Hamilton equations. The problem that we face
at this point is that a careful inspection of all the ingredients used to define the homology
requires an almost complete knowledge of the system. Exceptfor some special cases where
one can continue the problem to integrable system. We need toknow all periodic orbits of
the Hamiltonian flow and all connections between them the Cauchy-Riemann flow. Such
a detailed knowledge of the system defies the purpose of calculating it. Ideally, one would
like to exploit topological information about the braid class to calculate the homology.

An ultimate goal for future work on this subject is to connectthe Floer homology of a
braid with the Conley index of a discretized braid diagram that corresponds to it, and then to
use the latter to draw conclusions about the original system. We were able to prove one step
in this direction. The first problem that we encounter in our search for a connection between
the Floer homology and the Conley index for braids, is the fact that the latter theory deals
only with positive braids, while the former allows also negative crossings. The Garside
normal form of a braid and the shift Theorem 1.10 eliminate this problem.

Connection with Thurston-Nielsen theory

In the case of the disc, the mapping class group relative to a finite set (periodic orbit)A
is MCG(D2 rel A,∂D

2). One can identify this group with Artin’s braid group onn-strands
Bn divided by its center, wheren is the number of points inA (or period in case of a periodic
orbit). This correspondence is best explained via an example. Let us consider the case
A = {a1,a2,a3}. Words in the braid groupB3 are generated by lettersσ±1

1 andσ±1
2 , with

the relations described earlier in this introduction. Besides, letφ1 ∈ MCG(D2 rel A,∂D
2)

denote a homeomorphism that interchangesa1 with a2 in a counterclockwise direction (its
inverse does so in the opposite direction), andφ2 interchanges in an analogous waya2 and
a3. Observe that

It turns out that the mapG : B3 → MCG(D2 rel A,∂D
2) that sends the generatorσi to

an isotopy class[φi ]≃ is a group isomorphism, providing the required correspondence (cf.
Figure 1.21). In this sense one can think of an (isotopy classof) homeomorphism as being
represented by a braid (class).
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Figure 1.21: The schematic picture of the correspondence between the representativesφ1 and
φ2 of MCG(D2 rel A,∂D2), and the generatorsσ1 andσ2 of the braid groupB3.

To explain this intuitively one needs the concepts of the suspension manifold and the
suspension flow. Thesuspension manifoldcorresponding to a homeomorphism is defined
as the quotient

M f :=
M× [0,1]

(x,0) ∼ ( f (x),1)
.

In the case of the disc it can be thought of as a torus created from a cylinder with the ends
glued along f . The suspension flowψt

f defined onM f is just a unit speed flow on the
second coordinate ofM× [0,1] projected ontoM f . In this context, a braid is created from
an element of the isotopy class by extracting orbits of the points ofA in the suspension flow.
Observe that all representants of a given isotopy class yield braids in the same braid class.

So far we have only mentioned the application of the braids inThurston-Nielsen context
as a tool to analyze the group MCG(D2 rel A,∂D

2). We now present some results to which
the use of braids may lead. Recall that the periodic orbit of ahomeomorphism leads to a
braid in the suspension flow and conversely. One hopes for a kind of Sharkovskii order
among braids, that ideally would lead to a (partial) ordering on the braid classes in such a
way that the existence of braidβ as a periodic orbit of a given map, forces existence of all
periodic orbits corresponding to the braids that are lower in the ordering thanβ. Of course,
in many cases this is too much to ask for, and only partial results can be obtained. Below
we will try to give some examples following [17].

We recall that MCG(D2 rel A,∂D
2) can be identified with the braid group onn strings

(wheren = #A). In this context, a braidβ is pseudo-Anosov if its image under the group
morphismG : B3 → MCG(D2 rel A,∂D

2) introduced above, is a pseudo-Anosov map (or its
isotopy class contains a representant with a component thatis pseudo-Anosov, see Section
1.1).

We finally introduce the concept of theexponential sumof a braid, defined as the sum of
exponents of its generators in the word describing the braid. For example, for the braidβ =
σ−1

1 σ1
2σ2

1 its exponential sum, denotedes(β), is 2. LetRn/m : D
2 → D

2 denote the rotation
map of the disc, which in polar coordinates can be expressed asRn/m(r,θ) = (r,θ+ n

m). The
following classification of homeomorphisms of the disc can be obtained.

THEOREM (Theorem 8.3 in [17]). If f is an orientation-preserving homeomorphism of the
disk that satisfies fm = id, than f is topologically conjugate to Rn/m for some0≤ n≤ m.
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It is not too hard to see that for a braidβn/m corresponding to the mapRn/m, we have
thates(βn/m) = n(m−1). On the other hand we have the following:

THEOREM (Proposition 9.4 in [17]). If a braid β on m strands, where m is prime, does not
correspond to any of the maps Rn/m, then the map containingβ is pseudo-Anosov.

In particular, combining these results, we obtain that ifes(β) 6= n(m− 1) for any 0<
n < m, thenβ forces the pA property on the map containing it.

Let us come back for a moment to the case of braids on three strands, since in such a
setting one is able to obtain a much stronger result in the spirit of Sharkovskii’s theorem. It
turns out that any braid on three strands can be described using the generatorsσ1 andσ−1

2
only, and with this we obtain the following.

THEOREM (Theorem 9.4 in [17]). (a) A braid β on three stands leads to a pA map if and
only if its minimal word in theσ1,σ−1

2 description contains both generators.
(b) Letβ1,β2 be two pA braid classes. Moreover, assume that the minimal braid word in the

σ1,σ−1
2 description ofβ2 is contained as a sub-word in theσ1,σ−1

2 word ofβ1. Then, if
a homeomorphism contains the periodic orbit correspondingto β1, it also has the one
corresponding toβ2.

The partial orders on braid types were studied by several authors, including Matsuoka
[50], Benardete e.a. [11], de Carvalho and Hall [23]. Despite the fact that the comparison
of the Thurston-Nielsen classification theory and our methods still requires more elaborate
studies, we would like to point out some of the similarities and distinctions between the
theories.

Orientation reversing twist maps.To explain the differences between our application
of the Conley index to an orientation reversing twist maps ofthe plane and the Thurston-
Nielsen theory we refer to Chapter 2. The differences between the two approaches are that
we require the map to have the twist property, and we essentially exploit the variational
structure that comes with it, while the Thurston-Nielsen classification is also suitable for
non-twist maps. On the other hand, Thurston-Nielsen theoryrequires the underlying man-
ifold to be compact, whereas our maps are defined on the whole plane. In general, to be
able to restrict the dynamics of such maps onto a disc, one needs control of the behavior at
infinity, which is irrelevant in our case (for twist diffeomorphisms). This makes the methods
somewhat complementary as they are applicable in differentsettings.

Floer homology.A comparison of the Floer homology for relative braids and the
Thurston-Nielsen theory requires more in-depth studies. Both theories require the under-
lying manifold to be compact and two-dimensional. As already mentioned above, both
methods use a braid theoretic approach. This makes both theories very similar in spirit.
Thurston-Nielsen theory uses a braid algorithm (train tracks) to study the classification of
the dynamics forced by a braid corresponding to a given periodic orbit. In the case of Floer
homology additional studies are required to make it computable, so that relevant informa-
tion about the system can be extracted. Nevertheless, the approach is intrinsically different
and interesting in its own right. Moreover, it is much more analytic in nature, which may
have certain advantages, such as being able to deal with singularities, as well as the possi-
bility to study non-equilibrium solutions of the Cauchy-Riemann equations.





CHAPTER 2

Orientation reversing twist maps of the plane

2.1. Introduction
Orientation preserving twist maps have been studied by manyauthors over the past

decades. In particular we mention the important contributions by Moser [56, 57],
Mather [49], Aubry & Le Daeron [10], Angenent [2, 4], Boyland [17] and Le Calvez [43].
Most of these works consider area and orientation preserving twist maps and make use of
the variational principle that comes with it. This is a powerful tool for studying periodic
points, in particular when the domain of the map is an annulus.

In this paper we are interested in dynamical systems generated byorientation reversing
twist maps that do not necessarily preserve area and that aredefined on the whole plane.
Specifically, we are interested in periodic orbits and the minimal dynamics they force. We
postpone a discussion of related work to the end of this introductory section. First, we give
the necessary definitions and introduce a topological principle for such orientation reversing
maps.

A well-known example of a two dimensional orientation reversing twist map is the
family of Hénon maps. The discrete time dynamics that are obtained by iterating such maps
have emerged as models from various applications in the physical sciences. Orientation
preserving(twist) maps of (sub-regions of) the plane are often obtained as time-1 maps in
non-autonomous Hamiltonian systems in the plane, or as firstreturn maps to a Poincaré
section in three dimensional dynamical systems. On the other hand, maps that reverse
orientation do not occur as such section maps.

In this paper we are mainly concerned withdiffeomorphismsof the plane, i.e. bijective
C1 maps.

DEFINITION 2.1. A diffeomorphismf : R
2 → R

2 is called anorientation reversing twist
diffeomorphismof the plane if there exist global coordinates(x,y) ∈ R

2 such thatf is given
by (x′,y′) = f (x,y) and satisfies the assumptions: (i) det(d f) < 0, and (ii) ∂x′

∂y > 0. Due to
the latter condition, which we will refer to as thetwist property, f is said to havepositive
twist. If the bijectivity assumption is dropped butf is still C1 and satisfies properties (i) and
(ii) then f is called an orientation reversing twistmap.

In the following, to indicate the coordinate functionsx′ andy′ of f , we use the compo-
sition with the orthogonal projectionsπx andπy onto thex- andy-coordinate respectively,
i.e. x′ = πx f (x,y) andy′ = πy f (x,y).

29
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As will be explained in Section 2.3 (see also [34]) (compositions of) orientation preserv-
ing (positive) twist maps have a natural topological structure, which is less straightforward
in the orientation reversing case. There exists an easy procedure to circumvent this obstacle
and find a useful topological tool for orientation reversingtwist maps. Note that even pow-
ers of f are orientation preserving maps, but compositions of twistmaps are in general not
twist maps. The second composite iteratef 2 can be written as a composition of two orien-
tation preservingtwist maps as follows:f 2 = f+ ◦ f−, with f+ = f ◦Rx, and f− = Rx ◦ f ,
whereRx is a linear reflection in they-axis. The drawback is thatf+ is a positive twist map
and f− a negative twist map. If we consider the fourth iteratef 4 we have the decomposition

f 4 = f3◦ f2 ◦ f1◦ f0, (2.1)

where the mapsfi are defined as follows:

f0 = − f−, f1 = − f+ ◦ (−id), f2 = f− ◦ (−id), and f3 = f+.

One can easily verify that all four maps are orientation preserving maps withpositivetwist.
The theory of parabolic recurrence relations in [34] (summarized in Section 2.3) is now
applicable since it applies to compositions of orientationpreserving positive twist maps.
Using this formulation we can study periodic points of period n = 4k (for other periods
symmetry requirements could be imposed, but we will not pursue this issue here).

Recall that a pointz= (x,y) is a period-n point for f if f n(z) = z, where f n denotes the
n-th iterate of f . The periodn is assumed to beminimal, i.e. f k(z) 6= z for all 0 < k < n.
Instead of describing a period-4 point in terms of the imagesof f , i.e.(z, f (z), f 2(z), f 3(z)),
a natural way to describe orbits is to do so in accordance to the decomposition given by (2.1).
We write an orbit as{zi}3

i=0, with zi = fi(zi−1). This applies to period-4k points, by defining
fi via fi+4 = fi , for all i ∈ Z. The theory of parabolic recurrence relations in [34] now
dictates that orbits{zi} should be represented as braid diagrams, which we will explain
next.

Let z be a period-4 point off . By choosing the pointsz, f (z), f 2(z), and f 3(z) as
different initial points we obtain four different orbits for the compositionf3 ◦ f2 ◦ f1 ◦ f0,
namely the orbits defined byzi = fi(zi−1) while settingz0 = f k(z) for k = 0,1,2,3. For
each orbit we connect the consecutive points(i,zi) via piecewise linear functions. This
yields a piecewise linear closed braid consisting of four strands. By projecting the braid
on thex-coordinates one obtains a closed braid diagram. Braid diagrams are discussed in
more detail in Section 2.3. Figure 2.1 depicts the braid diagrams which result from this
construction starting from two different period-4 orbits.Since the braid diagram is only
concerned with thex-coordinates the construction of the braid diagram is, for all practical
purposes, equivalent to the following: let(x0,x1,x2,x3) be thex-coordinates of a period-4
point orbit{ f k(z)}3

k=0, i.e. xi = πx f i(z), then perform a flip on these coordinates to obtain
(x0,x1,x2,x3) = (−x0,x1,x2,−x3), and finally connect the points(i,xi) in the plane by line
segments. This gives one strand and the total braid diagram is obtained by performing this
transformation to all shifts of the orbit throughz.

Notice that period-4 points can occur in a variety of six different “permutations” (of the
x-coordinates, see also Section 2.4). However, permutations do not have topological mean-
ing with respect to parabolic recurrence relations and permutations are thus not suitable for
classifying period-4 points. On the other hand, via the above construction each permuta-
tion yields a unique braid class that has a topological meaning. It follows that period-4
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Figure 2.1: Period-4 points lead totwopossible braid classes. In the braid diagrams on the right
one may think of all the crossings as being positive, i.e. thestrand with the larger slope going
on top.

points give rise to exactly two types of braid classes. Figure 2.1 shows the two possible
braid classes: type I and type II. In other words,any period-4 orbits is either of type I or
of type II, according to the braid class that results from theabove transformations. More
details on this classification are supplied in Section 2.4. Period-4 points of type I imply
chaos, while those of type II do not, as is stated in our main theorem.

THEOREM 2.2. An orientation reversing twist diffeomorphism of the planethat has a type I
period-4 point is a chaotic system, i.e., there exists a compact invariant subsetΛ ⊂ R

2 for
which f|Λ has positive topological entropy. Conversely, there exists an orientation reversing
twist diffeomorphism with a type II period-4 point that has zero entropy.

We want to point out that the theorem is stated under quite weak assumptions; in par-
ticular, there arenocompactness assumptions (the twist property in a way compensates this
lack of compactness). The bijectivity assumption in the theorem is certainly stronger than
strictly necessary. In fact, instead, for twist maps it is more natural to assume the infinite
twist condition: a twist map is said to satisfy theinfinite twistcondition if

lim
y→±∞

πx f (x,y) = ±∞ for all x∈ R. (2.2)

For twist maps on the plane this condition in some sense meansthat the map has positive
twist at infinity (not an infinite amount of twist). Under the infinite twist condition we have
the same result as for diffeomorphisms.

THEOREM 2.3. An orientation reversing twist map of the plane that satisfies the infinite
twist condition and that has a type I period-4 point, is a chaotic system — chaotic as ex-
plained in Theorem 2.2. Conversely, there exists an orientation reversing twist map that
satisfies the infinite twist condition, has a type II period-4point, and that has zero entropy.
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Figure 2.2: Orbits of the mapf (x,y) = (y,x+ 17
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3y3). A period-4 orbit of type I is indicated
by the large dots.

We can also give a lower bounds on the entropy for Theorems 2.2and 2.3. Namely the
entropy satisfiesh( f )≥ 1

2 ln(1+
√

2) andh( f )≥ 1
2 ln3 in Theorems 2.2 and 2.3 respectively.

The infinite twist condition makes the topological/variational principle we use easier to
apply and the proof less technical. This is strongly relatedto the fact that the infinite twist
condition is a more natural assumption in the context of twist maps than bijectivity. We
will therefore explain all the details by proving Theorem 2.3. In Section 2.7 we make the
necessary technical adaptations to the method in order to prove Theorem 2.2.

The method discussed in this paper makes extensive use of thetwist property. On
the other hand, we stress that it needs no compactness conditions, nor information about
the asymptotics off near infinity. It allows us to study periodic solutions of orientation
reversing twist maps, in particular those of which the period is a multiple of four (but other
periods can be dealt with as well). Theorems 2.2 and 2.3 are representative for the kind of
results that can be obtained, but the method is much more general. We note that there is an
additional variational structure that can be exploited in this setting if the (absolute value of
the) area is preserved (see Remarks 2.5 and 2.15).

Of course the theorem does not detect all occurrences of chaos. An important example
of orientation reversing twist maps is the Hénon mapf (x,y) = (βy,1−αy2 +x), whereα ∈
R andβ > 0 are parameters. It is well known that for various parameterchoices the system
is chaotic, while a type I period-4 point is hard/impossibleto find. Nevertheless, concerning
the practical aspects of the above theorem we note that to establish chaos one can search for
a type I period-4 point with the help of a computer. This can bedone in a mathematically
rigorous manner, for example with the help of a software package like GAIO, see [25, 22].
Furthermore, in the family of generalized Hénon mapsf (x,y) = (y,x+ ay− by3), which
are orientation reversing twist maps, a period-4 orbit of type I can be found analytically
(exploiting the symmetry) fora > 4

√
2 and anyb > 0. In Figure 2.2 a period-4 orbit of

type I is indicated and the chaotic nature of the dynamics is apparent.



2.1 INTRODUCTION 33

To obtain an example of a non-chaotic map with a period-4 orbit of type II we return
to the classical Hénon map, for convenience rescaled to read f (x,y) = (y,εx+ λ[y− y2]).
For ε = 0 this is a one dimensional map and forλ not too large it is non-chaotic. For small
positiveε the 1-dimensional map perturbs to a 2-dimensional map, which for appropriately
chosenλ has a period-4 point of type II and which remains non-chaotic. The details of
the construction are given in Section 2.6. This provides a proof of second statements in
Theorems 2.2 and 2.3.

We like to point out the similarity of the above theorem and the famous Sharkovskii
theorem [65, 45], which states that a one dimensional system having a period-3 point nec-
essarily has periodic points of all periods. In our case chaos is forced by certain period-4
points. In a one dimensional system the Sharkovskii ordering has little implications for a
map containing a period-4 point. Nevertheless, also in the one dimensional case certain
types of period-4 orbits (depending on the permutation of the points) force chaos (proved
via the usual one dimensional techniques).

On compact surfaces of genusG (with or without boundary) the results in [37] and [14]
show that if an orientation reversing diffeomorphism has atleastG+ 2 periodic points of
distinct odd periods, then there exist periodic points for infinitely many different periods,
and in particular the topological entropy of the map is positive. The maps in this paper are
maps onR

2 and therefore the above result does not immediately apply. However, in the
special circumstance that an orientation reversing map onR

2 allows extension toS2 with
a fixed point at infinity, then the existence of a period-3 point, or any other odd period for
that matter, implies, by the above mentioned result, that the map has positive topological
entropy. To translate this result back to the context of the original map onR

2 one needs
(detailed) information about the local behavior near the point at infinity (the asymptotics
of the map). In contrast, Theorems 2.2 and 2.3 are applicablewithout prior knowledge of
asymptotic behavior. Moreover, our result gives insight inwhat happens when we have
information about period-4 points, which complements the results on periodic orbits with
odd periods in [14, 37].

The relation to Thurston’s theory

Once again, the method of proof in this paper strongly relieson the fact that we consider
(compositions of) twist maps, which allows an elementary construction of infinitely many
periodic points and a semi-conjugacy to a (sub-)shift on 3 symbols. This draws strongly on
the elegant topological principle for twist maps. A different approach would be to employ
Thurston’s classification theorem of surface diffeomorphisms [69]. Thurston’s result does
not restrict to twist maps, however compactness is required(we come back to this point in
a moment).

Since the results for arbitrary maps on compact surfaces viaThurston’s theory are com-
plementary to those for twist maps on the (non-compact) plane in the present paper, let us
explain how our results relate to Thurston’s theory. For sake of simplicity, let us assume that
the maps can be extended to homeomorphisms on for exampleD2. In that case the classifi-
cation theorem is applicable. In order to follow the approach using Thurston’s classification
theorem we first need to decide what distinguishes period-4 points. In our approach there
is a natural distinction into two types of period-4 points via discrete four strand braids. In
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Figure 2.3: The mapf0 is orientation preserving and has the twist property, hencethe suspension
looks like a distorted rotation, which leads to a positive braid.

the approach using Thurston’s result the braids are used to determine the isotopy class of a
map in question, see e.g. [17].

It is easier to visualize this for orientation preserving maps, so we considerg = f 4,
which is an orientation preserving map and which can be written as a composition of four
orientation preserving positive twist mapsg = f3 ◦ f2 ◦ f1 ◦ f0. In the case of a period-4
orbit P = { f i(z)}3

i=0 for f , the mapg has four fixed pointsP. Therefore one considers the
mapping class group MCG(D2 rel P), where the maps are orientation preserving and fixP
(as a set) and∂D2 (a homeomorphism of the boundary). Using the results in [13] it can
be shown easily that MCG(D2 rel P) ≃ B4/center, whereB4 is Artin’s braid group on four
strands, and the center of the braid groupB4 is the infinite cyclic subgroup generated by
(σ1σ2σ3)

4, the full twists.
In general it is quite hard to determine the mapping class of amap, but for twist maps

this is a little easier. In fact, identifying the mapping class with the braid group, the mapping
class for f 4 is exactly the positive braid we have constructed above. We illustrate this
for the first of the composite mapsf0 for a type I period-4 orbit in Figure 2.3. Besides
the permutation of the (x-coordinates of the) points inP, the twist property gives global
information about the map, so that the suspension can be understood (note thatf0 does not
fix P, but this does not lead to undue complications). The other three maps are similar and
the total braid is obtained by the natural addition in the braid group. We refer to [15] for a
further discussion on the application of Thurston’s theoryto twist maps on an annulus. As a
final point, the same construction can be carried out for ˜g= f 2 = f+ ◦ f−. One needs to take
into account thatf− has negative twist and thus leads to a braid with negative generators.
Of course, repeating the braid for ˜g twice leads to a braid that is equivalent to the one forg.

Using Thurston’s classification the braid of type I is pseudo-Anosov, and thus the corre-
sponding mapping class is also pseudo-Anosov, hence chaotic. In order to draw conclusions
for the original map onR2 one needs to find a compact invariant set in theinterior of D2

on which the entropy is positive. This requires detailed information about the behavior near
∂D2, and thus about the asymptotic behavior of the original map on R

2. This isnot needed
in our results however. The braid of type II is reducible and contains only components of
finite type (and thus no pseudo-Anosov component, in fact thebraid is a cable of cabled
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braids), hence the corresponding map is not necessarily chaotic. We point out that our con-
struction of a non-chaotic map with a type II period-4 point confirms the latter conclusion.
However, Thurston’s classification theorem does not provide a non-chaotic map within the
class of twist maps as required here. See also [18] for details on pseudo-Anosov maps and
mapping classes.

The organization of the paper is as follows. In Section 2.2 werecall some facts about
twist maps and for orientation reversing maps we introduce atransformation that associates
a parabolic recurrence relation to such maps. In Section 2.3we summarize the concepts
we need from braid theory and parabolic flows, which were thoroughly studied in [34].
In Section 2.4 the focus shifts to period-4 orbits and their classification in types I and II.
We combine these concepts in Section 2.5 to prove the first assertion in Theorem 2.3 by
constructing a semi-conjugacy to the shift on three symbols. In Section 2.6 we show an
example of a non-chaotic map with a period-4 orbit of type II,which establishes the second
part of the theorem. Finally, Section 2.7 is devoted to extending the techniques to bijective
maps and proving Theorem 2.2.

Acknowledgement

The authors wish to thank R.W. Ghrist for a number of fruitfuldiscussions on this
subject.

2.2. Twist Maps
We collect some facts about both orientation preserving andreversing twist maps.

Recurrence relations for twist maps

A C1 map fromR
2 to R

2, denoted byf (x,y) = (πx f ,πy f ), is a (positive) twist map if
∂πx f

∂y > 0. It is orientation preserving if det(d f) > 0 and orientation reversing if det(d f) <

0. Of course, one could also consider∂πy f
∂x > 0 and/or negative twist, but a change of

coordinates reduces these cases to∂πx f
∂y > 0.

Note that iteratesf k of a twist map are not necessarily twist maps, but the crucialprop-
erty of twist maps is that they allow us to retrieve whole trajectories{(xk,yk)}= { f k(x0,y0)}
from just the sequence{xk}. To show this we follow [4] (see also [2]). Let us start with the
observation that the twist property implies that there exists an open setU such that for any
pair x,x′ ∈U there exists a unique solutionY(x,x′) of the equation

πx f (x,Y(x,x′)) = x′.

It also follows from the twist property thatY is monotone inx′:

∂Y
∂x′

> 0.

From the functionY we construct yet another function:

Ỹ(x,x′)
def
= πy f (x,Y(x,x′)).

This second functioñY also has a monotonicity property that follows directly fromthe
inverse function theorem. The mapf is locally invertible and the derivative of its inverse
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f−1 is given by∂2(πx f−1) = −(det(d f))−1∂2(πx f )◦ f−1, hence

∂2(πx f−1) < 0 and
∂Ỹ
∂x

< 0 if f is orientation preserving,

∂2(πx f−1) > 0 and
∂Ỹ
∂x

> 0 if f is orientation reversing.

Obviously the reason for these definitions is that if(xk+1,yk+1) = f (xk,yk) then

yk = Y(xk,xk+1) and yk+1 = Ỹ(xk,xk+1).

That is, the functionsY andỸ can be used to retrieve the whole trajectory{(xk,yk)} from
the sequence{xk}. It easily follows that a sequence{(xk,yk)} forms an orbit of f if and
only if the x-coordinates satisfy

Y(xk,xk+1)−Ỹ(xk−1,xk) = 0 for all k∈ Z.

We therefore introduce the notation

R(xk−1,xk,xk+1)
def
= Y(xk,xk+1)−Ỹ(xk−1,xk). (2.3)

Solutions{xk} of the recurrence relationR(xk−1,xk,xk+1) = 0 thus correspond to trajec-
tories of the mapf . From the properties ofY andỸ we see thatR is increasing inxk+1,
and if f is orientation preserving thenR is also increasing inxk−1. In this caseR will be
referred to as aparabolic recurrence relation. When f is orientation reversing thenR is
not increasing, but decreasing inxk−1. In Section 2.2 we explain how we can, nevertheless,
associate a parabolic recurrence relation to an orientation reversing map.

The functionY (and similarlyỸ) has a domain of the form

D = {(x,x′) |x∈ R,g(x) < x′ < h(x)},
where the functionsg,h : R → [−∞,∞] are upper/lower semi-continuous withg(x) < h(x),
see Section 2.7 for more details. A way to ensure that the domain D is the whole plane,
is to assume theinfinite twistcondition (2.2). To simplify the exposition in the following
sections we assume thatD = R

2. In Section 2.7 we show how to extend our results to maps
that are bijective toR2 (i.e. diffeomorphisms of the plane). Note that bijectivitydoes not
imply the infinite twist condition, nor does it guarantee that D = R

2.

REMARK 2.4. Any twist map that satisfies the infinite twist conditionis injective. Namely,
let f (x0,y0) = f (x1,y1) = (x′,y′). If x0 = x1 then it follows from the twist property that
y0 = y1. Supposex0 6= x1, sayx0 < x1, then the infinite twist condition implies that for any
x∈ [x0,x1] there is a (unique)y(x) such thatπx f (x,y(x)) = x′, with y(x0) = y0 andy(x1) =

y1. Since ∂Ỹ(x,x′)
∂x ≶ 0 we havedπy f (x,y(x))

dx ≶ 0, contradiction the fact thatπy f (x0,y(x0)) =
πy f (x1,y(x1)) = y′.

REMARK 2.5. When f is an orientation andarea preserving twist map there exists an
additional structure, namely generating functions (see e.g. [7]). A smooth functionS: R

2 →
R exists with the property that if(x′,y′) = f (x,y), theny = ∂1S(x,x′), andy′ = −∂2S(x,x′).
This generating functionSallows one to formulate the existence of periodic points in terms
of critical points of an action function. A period-n point corresponds to a critical point of

W(x0,x1, . . . ,xn−1)
def
=

n−1

∑
i=0

S(xi ,xi+1), with xn = x0.
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The parabolic recurrence relation is then given by the gradient ofW: R(xi−1,xi ,xi+1) = ∂W
∂xi

.
For orientation reversing area preserving maps a similar variational structure exists. The
difference is that the relations between the generating function Sand they coordinates are
y = ∂1S(x,x′) andy′ = ∂2S(x,x′), i.e. with the same sign. A period-2m point corresponds to
a critical point of

W(x0,x1, . . . ,x2m−1)
def
=

2m−1

∑
i=0

(−1)iS(xi ,xi+1), with x2m = x0.

The recurrence relation is not quite given by the gradient, but by ∂W
∂xi

= (−1)iR(xi−1,xi ,xi+1),
so there is still a correspondence between critical points of W and solutions ofR. However,
it is more convenient to deal with such a situation through the (flip) transformation described
in Section 2.2 below.

We finish this section with an example.

EXAMPLE 2.6. Let us consider the well knownHénon map. The Hénon map is a two-
dimensional invertible map given by formula:

f :

(
x
y

)
7→

(
βy

1−αy2 +x

)
.

It is an orientation reversing twist map for allβ > 0 andα ∈ R. It is bijective and also sat-
isfies the infinite twist condition (2.2). It is not difficult to construct the recurrence relation:

R(xk−1,xk,xk+1) = −1−xk−1 + αβ−2x2
k + β−1xk+1.

Parabolic recurrence relations for orientation reversingtwist maps

Consider the case thatf is an orientationreversingtwist map. From the previous sub-
section it then follows that the trajectory of a periodic point can be retrieved from the se-
quence{xk} satisfying the recurrence relation

R̃(xk−1,xk,xk+1) = 0,

whereR̃ is defined by (2.3), with∂1R̃ < 0 and∂3R̃ > 0. Since the theory of braid flows
(see Section 2.3) is defined using parabolic recurrence relations (i.e.∂1R > 0 and∂3R > 0),
we need to make a modification. In Section 2.1 we explained that f 4 can be written as a
composition of four orientation preserving positive twistmapsfi . For eachfi we can derive
the recurrence functionRi , which has the properties that

∂1Ri > 0 and ∂3Ri > 0.

This is equivalent to defining the functionsRi as follows

R0(x−1,x0,x1)
def
= R̃(−x−1,−x0,x1)

R1(x0,x1,x2)
def
= R̃(−x0,x1,x2)

R2(x1,x2,x3)
def
= −R̃(x1,x2,−x3)

R3(x2,x3,x4)
def
= −R̃(x2,−x3,−x4).
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It is easily verified that the recurrence functions are indeed parabolic and we define the
sequence{Ri} periodically: Ri+4 = Ri. This change of coordinates naturally also effects
the trajectoryx = {xk}. To make this precise we define the transformation

λ(x)k =

{
−xk for k = 0,3 mod 4
xk for k = 1,2 mod 4

(2.4)

We call the transformationλ on sequences aflip. Clearlyλ2 = id and it commutes withσ4,
whereσ is the shift mapσ(x)k = xk+1. Nowx= {xk} solvesR̃ = 0 if and only ifλ(x) solves
Ri = 0.

LEMMA 2.7. Every solution x= {xk} of Ri = 0 yields a solutionλ(x) of R̃ = 0, and thus
corresponds to a trajectory of f , namely

{(
λ(x)k,Y(λ(x)k,λ(x)k+1)

)}
.

2.3. Braid diagrams and the Conley index
Discretized braids and braid diagrams

In this section we define and describe the main topological structure which is used in
the proofs of Theorems 2.2 and 2.3. As pointed out in Section 2.1 the way we deal with
sequences is to consider them as piecewise linear functionsby connecting the consecutive
points via linear interpolation.

DEFINITION 2.8 ([34]). The space ofdiscretized period d braids on n strands,denotedDn
d,

is the space of all pairs(u,τ), whereτ ∈ Sn is a permutation onn elements, andu is an
unordered collection ofn strandsu = {uα}n

α=1, which satisfy the following properties:

(a) Each strand consist ofd+1 anchor points:uα = (uα
0 ,uα

1 , . . . ,uα
d) ∈ R

d+1.

(b) periodicity– For allα = 1, . . . ,n, one has:uα
d = uτ(α)

0 .
(c) transversality– For any pair of distinct strandsα andα′ such thatuα

i = uα′
i for somei,

we have:
(uα

i−1−uα′
i−1)(u

α
i+1−uα′

i+1) < 0. (2.5)

We equipDn
d with the standard topology ofRnd on the strands, and the discrete topol-

ogy with respect to the permutationτ, modulo permutations which change the order of the
strands (i.e., two pairs(u,τ) and(ũ, τ̃) are close if there exists a permutationσ ∈ Sn with
σ◦ τ̃ = τ◦σ), such thatuσ(α) is close toũα (as points inRnd) for all α.

We will say that two discretized braidsu,u′ ∈Dn
d are of the samediscretized braid class

(denoted[u] = [u′]) if they are in the same path component ofDn
d. The discrete topology on

the permutations leads to the following useful interpretation. Consider a continuous family
of braids and pick one of the permutations in the equivalenceclass (subsequently dropped
from the notation). These discretized braids of periodd on n strands are then completely
determined by their coordinates{uα

i }α=1...n
i=1...d , i.e., every discretized braid corresponds to a

point in the configuration spaceRnd. We come back to this point of view later.
Let us now compare the notion of a discretized braid with thatof a topological braid.

In topology a braidβ onn strands is a collection of embeddings{βα : [0,1] → R
3}n

α=1 with
disjoint images such that (a)βα(0) = (0,α,0), (b) βα(1) = (1,τ(α),0) for some permutation
τ ∈ Sn, and (c) the image of eachβα is transverse to all the planes{x = constant}.
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Figure 2.4: Example of a braid on three strands. [left] A braid with all crossings positive (bottom
over top), [middle] its 2-d projection, and [right] the associated piecewise linear braid diagram,
a discretized braid. Its braid word isσ2σ1σ2σ2

1σ2
2.

The projection of a topological braid onto an appropriate plane, e.g. the(x,y)-plane, is
called abraid diagramif all crossings of strands are transversal in this projection. In this
braid diagram a marking (+) indicates a crossing which is “bottom over top”, whereas a
marking (−) indicates a crossing “top over bottom”. A positive (+) crossing of thei-th and
(i + 1)-st strands corresponds to a generatorσi , while a negative crossing corresponds to
σ−1

i . The use of these generatorsσi leads to a natural group structure (see e.g. [13] for more
background). The sequence of generators (“reading” the braid from left to right) is called
the braid word.

The link between discretized braids and topological braidsis the following. Any dis-
cretized braidu can be interpreted as the braid diagram of a topological braid when we
use linear interpolation between the points(i,uα

i ) ∈ R
2, whereuα

i are the anchor points
of strandα. Here we choose the convention that all crossings in this discretized braid di-
agram arepositive. The resulting positive piecewise linear braid diagram is denoted by
β(u). It is also useful to consider braid diagrams that are not piecewise linear. A (positive,
closed) topological braid diagram is a collection of strands {βα ∈ C([0,1])}n

α=1 such that
(a) βα(1) = βτ(α)(0) for some permutationτ ∈ Sn, and (b) all intersections among pairs of
strands are isolated and topologically transverse. Thetopological braid class{u} is a path
component ofβ(u) in the space of positive topological braid diagrams. Figure2.4 depicts a
braid in its various appearances. Since for positive braidsthe braid word consists of positive
generators only, it follows that the number of generators inthe braid word, thebraid word
length, is an invariant of a discretized braid class, and even of a topological braid class. For
a more detailed account we refer to [34].

Since discretized braids are periodic we extend all strandsperiodically:

uα
i+d = uτ(α)

i for all i ∈ Z, α = 1, . . . ,n.

As explained above,Dn
d is a subset of a collection of copies ofR

nd (one for each equivalence
class of permutations). Fixing an appropriate permutation, we may identify a discretized
braid class with a subset ofR

nd, its configuration space. The connected components ofDn
d,

i.e. the discretized braid classes, are separated by co-dimension-1 varieties inRnd, called
the singular braids:

DEFINITION 2.9. Let Dn
d denote the collection ofnd-dimensional vector spaces of all

discretized braid diagramsu satisfying properties (1) and (2) of Definition 2.8. Now
Σ def

= Dn
d \Dn

d is the set ofsingular discretized braids.

The setDn
d is the closure ofDn

d, hence its elements do not necessarily satisfy the
transversality condition (2.5). The braids inΣ are said to have atangency. A moments
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reflection shows that in singular braids of sufficiently highco-dimension(m≥ d), different
strands can collapse onto each other. This set of specific singularities plays an important
role later on and is defined as

Σ− def
= {u ∈ Σ |uα

i = uα′
i ,∀i ∈ Z, for someα 6= α′}.

If one wants to braid a strand, one needs something to braid itthrough. This leads us
to the introduction of a so-calledskeletonbraid through which we can braid so-calledfree
strands. Defineu∪v ∈Dn+m

d , with u ∈Dn
d andv ∈Dm

d as the (unordered) union of strands.
Then for given av ∈ Dm

d we define

Dn
d rel v def

= {u ∈ Dn
d |u∪v ∈ Dn+m

d }.
It is important to remember that the transversality condition (2.5) is imposed on the strands
in u∪v.

The path components ofDn
d rel v form relative discretized braid classes, denoted by

[u rel v]. The braidv is usually called theskeleton, andu are called thefree strands. Now
it is easy to define relative versions of the concepts presented above, i.e.Σ rel v, Σ− rel v,
Dn

d rel v, and{u rel v} (astopological relative braid class).
It is also possible that two classes[u rel v] and [u′ rel v′] are topologically the same.

The set of equivalent topological relative braid classes
{

u rel {v}
}

is defined by the relation
{u rel v} ∼ {u′ rel v′} if and only if there exist a continuous family of topological(positive,
closed) braid diagram pairs deforming(u,v) to (u′,v′). See [34] for more details.

Parabolic flows on braid diagrams

In [34] the topology of discretized braids is used to find solutionsof parabolic recur-
rence relations. This is done by embedding the problem into an appropriate dynamical
setting. Before briefly explaining the ideas we recall the definition of parabolic recurrence
relations.

DEFINITION 2.10 ([34]). A sequence of functionsR = (Ri)i∈Z, with Ri ∈C1(R3,R), sat-
isfying

(i) ∂1Ri > 0 and∂3Ri ≥ 0 for all i ∈ Z,
(ii) for somed ∈ N we haveRi+d = Ri for all i ∈ Z,

is called aparabolic recurrence relation.

Here we only consider parabolic recurrence relations defined onR
3, although one can

also study parabolic recurrence relations on more general domains, see Section 2.7.
Let R be a parabolic recurrence relation and consider the differential equation

dui

dt
= Ri(ui−1,ui ,ui+1) whereu(t) ∈ X = R

Z andt ∈ R.

It is straightforward to show that such an equation defines a (local)C1-flow ψt on X under
periodic boundary conditions, provided they are of periodnd. We call such a flow, generated
by a parabolic recurrence relation, aparabolic flowon X. Notice that it is easy to regard
this flow as a flow on the spaceDn

d by considering the equation

duα
i

dt
= Ri(u

α
i−1,u

α
i ,uα

i+1), whereu ∈ Dn
d. (2.6)
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u

Σ

i −1 i

[u rel v]

i +1

Figure 2.5: A schematic picture of a parabolic flow on a (bounded and proper) braid class.

This equation is well-defined by the periodicity requirement in Definition 2.10. The next-
neighbor coupling and the monotonicity of a parabolic recurrence relation have far reaching
consequences for the corresponding parabolic flow. Namely,along flow lines the total num-
ber of intersections in a braid, i.e. the braid word length, can only decrease in time (as
indicated in Figure 2.5). The following proposition is a precise statement of this property.

PROPOSITION2.11 ([34]). Let ψt be a parabolic flow onDn
d.

(a) For each pointu ∈ Σ\Σ−, the local orbit{ψt(u) | t ∈ [−ε,ε]} intersectsΣ uniquely at
u for all ε sufficiently small.

(b) For any suchu, the braid word length of the braid diagramψt(u) for t > 0 is strictly
less then that of the braid diagramψt(u) for t < 0.

As a direct consequence of this proposition flow lines cannotre-enter a braid class after
leaving it. In other words, the dynamics of (2.6) obeys the natural co-orientation of the braid
classes, i.e., if we co-orient the boundaryΣ\Σ− in the direction of decreasing intersection
number, then the vector field, and thus the flow, is co-oriented in the same way.

In Section 2.3 we will define the Conley index of a braid class,hence we need the
braid class to be isolating, i.e., the flow at the boundary should have no internal tangencies.
Proposition 2.11 shows that we are “in danger” when our system evolves near toΣ−, since
a parabolic flow displays invariant behavior inΣ−. For this reason, a discretized relative
braid class[u rel v] is calledproper if its boundary (which is a subset ofΣ rel v) does not
intersectΣ− rel v. Figure 2.6 gives a simple examples of a proper and an improper braid
class. Besides properness we also need the braid classes to be compact. A discretized
relative braid class[u rel v] is calledboundedif the set[u rel v] ⊂ R

(n+m)d is bounded.

Conley index for braids

The Conley index is a powerful tool for studying the complexity of dynamical systems.
For braid classes the Conley index is defined in [34] and we refer to that paper for all details,
proofs and much additional information. For more details about the general setting of the
Conley index, see [20, 53]. Proposition 2.11 implies that cl([u rel v]) is isolating for the
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Figure 2.6: Two bounded braids with the same skeleton (blacklines); the free strand is the gray
line. The braid on the left is improper (one can deform the free strand to one of the strands of
the skeleton), the one on the right is proper.

flow generated by a parabolic recurrence relation, providedthe braid class is proper and
bounded. LetN denote cl([u rel v]), and letN− ⊂ ∂N be the exit set for a parabolic flowψt .
Then the Conley indexh(u rel v) is the homotopy type of the pointed space(N/N−, [N−]),
denoted by[N/N−]. Note thatN− can also be characterized purely in terms of braids by
using the co-orientation ofΣ\Σ−.

PROPOSITION2.12 ([34]). Suppose[u rel v] is a bounded proper relative discretized braid
class andψt is a parabolic flow that fixes the skeletonv. Then

(1) cl([u rel v]) is an isolating neighborhood forψt , which yields a well-defined Conley
index h(u rel v,ψt).

(2) The index h(u rel v,ψt) is independent of the choice of the parabolic flowψt as long as
ψt(v) = v. Therefore the index is denoted by h(u rel v).

REMARK 2.13. The Conley index is in fact an invariant of the topological relative braid
class{u rel v}, provided one slightly generalizes the definitions. First,the definitions of
proper and bounded are extended in a straightforward mannerto {u rel v}. Furthermore,
an equivalence class of topological relative braids{u rel {v}} is proper/bounded if for all
v′ ∈ {v} any class{u′ rel v′} ∈ {u rel {v}} is proper/bounded.

Second, several discretized braid classes may be part of equivalent topological braid
classes. For fixed periodd, let [u(0) rel v′] be a discretized braid class such that on the
topological level{u(0) rel v′} ∈

{
u rel {v}

}
. Let [u( j) rel v′], j = 0, . . . ,m denoteall the

different discretized braid classes relative tov′ such that{u( j) rel v′} ∈
{

u rel {v}
}

. The
setÑ =

⋃m
j=0cl([u( j) rel v′]) is isolating for any parabolic flow fixingv′, and the exit set

is denoted byÑ−. The Conley indexH(u rel v′) of the topological relative braid class
{u rel v′} is the homotopy type of the pointed space(Ñ/Ñ−, [Ñ−]). It does not depend on
the periodd, the choice ofv′ or the parabolic flow. The Conley indexH(u rel v′) is an
invariant of

{
u rel {v}

}
.

The homotopy index is usually not very convenient to work with and therefore we use
thehomologicalConley index

CH∗(u rel v)
def
= H∗(N,N−)
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u0

u1

u0

u0

u1

⊂

Σ

Figure 2.7: In the relative braid on the left black lines denote the skeleton and gray lines the free
strand. In the middle its configuration space is shown and thedirection of the parabolic flow on
the boundary is indicated. On the right we see how the configuration space is positioned with
respect to the stationary points of the skeleton, represented by the four dots.

whereN = cl([u rel v]), N− is its exit set, andH∗ is the relative homology of the pair
(N,N−). One can assign to such an index a characteristic polynomial

CPt(u rel v)
def
= ∑

k≥0

βkt
k,

whereβk is a free rank ofCHk(u rel v). For the parabolic flows under consideration Morse
inequality can be used to draw conclusions from the characteristic polynomial about fixed
points and periodic orbits (see Section 7 of [34]). In this paper we use the only the simplest
consequence:

LEMMA 2.14. Let [u rel v] be a discretized relative braid class that is bounded and proper.
If CP−1(u rel v) is nonzero, then there is at least one stationary point in[u rel v] for any
parabolic flowψt that leavesv invariant.

REMARK 2.15. A special situation occurs when the recurrence relation is exact, i.e., when
there exists ad-periodic sequence ofC2(R2) functionsSi such that

Ri(ui−1,ui ,ui+1) = ∂2Si−1(ui−1,ui)+ ∂1Si(ui ,ui+1) for all i ∈ Z.

Note that a recurrence relation is exact if it originates from a composition of area preserving
twist maps, see Remark 2.5. The main example in our context iswhen the orientation
reversing twist mapf is area preserving. SettingW(u) = ∑d

i=1Si(ui ,ui+1) the corresponding
parabolic flow is a gradient flow:du

dt = ∇W. This implies that invariant sets consists of fixed
points and connecting orbits only. The second order character of the recurrence relation
leads to the following strong result (see [34, section 7]): for an exact parabolic flow on a
bounded proper relative braid class[u rel v], the number of fixed points is bounded below
by the number of distinct nonzero monomials in the characteristic polynomialCPt(u rel v).

EXAMPLE 2.16. We calculate the homotopy index of the braid shown at the left in Fig-
ure 2.7. It is of period two and it is proper and bounded. A braid can evolve only in such a
way as to decrease the number of intersections (cf. Proposition 2.11 and Figure 2.5). Hence
along the flow the free anchor pointu0 cannot cross the anchor points of skeleton since
this would lead to an increased number of crossing, i.e.,u0 is “trapped” between anchor
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points of the skeleton. On the other hand, the middle pointu1 of the free strand can evolve
in such a way that it crosses the nearest anchor points, sincethis decreases the number of
crossings. Of course, on crossing the anchor point of the skeleton, the free strand leaves the
braid class. The configuration space and the flow on the boundary are shown in the middle
in Figure 2.7. The exit setN− consists of the top and bottom boundaries. The homotopy
index of this braid class is[N/N−] ≃ (S1,pt), henceCPt = t and any parabolic flow leaving
v invariant has at least one fixed point inside the braid class.

2.4. Period-4 points for orientation reversing twist maps
We now apply the theory of braids and parabolic flows to orientation reversing twist

maps. Letf be an orientation reversing twist map. As explained in the introduction and
Section 2.2 we can write it as the composition of four orientation preserving twist maps.
This leads to a parabolic recurrence relationR = (Ri)i∈Z which is 4-periodic:Ri+4 = Ri.
Lemma 2.7 gives the correspondence between trajectories off and solutions of the recur-
rence relation via the flip transformation (2.4).

Suppose now that{(xi ,yi)}4
i=1 is a period-4 orbit off , i.e., its minimal period is four. Let

x = {xi}i∈Z, then the flipped sequenceλ(x) is a solution of the recurrence relationR = 0.
Obviously, any shiftσα(x) of the sequencex corresponds to the same period-4 orbit of
f . Henceλ(σα(x)) for α = 1,2,3,4 are four solutions of the parabolic recurrence rela-
tion R = 0, labeledv1,v2,v3,v4 respectively, and they thus form the four stationary strands
of a closed discretized braid diagramv = {vα} ∈ D4

4. A priori v is only inD4
4, but if v ∈ Σ,

then necessarilyv ∈ Σ−, since Proposition 2.11 implies there are no stationary points of a
parabolic flow onΣ \ Σ−. On the other hand, ifv ∈ Σ−, then at least two of the strands
λ(σα(x)) coincide, hence the minimal period is smaller than four. However, we are assum-
ing that the initial orbit is a true period-4 orbit and hence the corresponding braid diagram
v is a discretized braid inD4

4.
The next question is: which braid classes do these period-4 orbits represent? Because

we need to make sure that we consider all possible cases, we start simply from the quadruple
(x0,x1,x2,x3). Assume, without loss of generality, thatx0 = min{xi}. There are six non-
degenerate orderings (degenerate ones are discussed below), namely

x0 < x1 < x2 < x3, x0 < x1 < x3 < x2, x0 < x2 < x1 < x3,
x0 < x2 < x3 < x1, x0 < x3 < x1 < x2, x0 < x3 < x2 < x1.

(2.7)

For each of these six possibilities the procedure describedabove leads to a closed discretized
braid diagram. The easiest way to do this is depicted in Figure 2.8. Namely, one draws the
four iterates of the four shifts of the periodic solution. Then one inverts the order of the
points at the zeroth and third coordinates to obtain abraid diagram. It is perhaps good to
point out that the picture in the middle of Figure 2.8, i.e. before the flip, isnot interpreted
as a braid diagram, since it is not related to a parabolic flow.For the six possible orderings
the resulting braid diagrams are shown shown in Figure 2.9.

The six discretized braid diagrams can be grouped in two distinct topological braid
classes, type I and type II, see Figure 2.9. We note that they are in four distinct discretized
braid classes inD4

4, but on the topologically level these reduce to two classes.Type I has
(periodic) braid wordσ2

2σ2
1σ2

3σ2
2σ2

1σ2
3 and corresponds to orderingsx0 < x3 < x1 < x2 and

x0 < x1 < x3 < x2, while the (periodic) braid word of type II isσ2
1σ2σ2

1σ2σ2
3σ2σ2

3σ2.
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Figure 2.8: Starting from an ordering of the points(x0,x1,x2,x3) on the left (f permutes the
ordered points), one uses four iterates (middle) and then applies the flip (i.e. inverting the order
at the zeroth and third coordinates) to obtain thebraid diagramon the right.
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Figure 2.9: The six period-4 orbits and their correspondingbraid diagrams.
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As discussed above, since the braid consists of stationary solutions of a parabolic flow,
the braid cannot have tangencies. Of course, anchor points can nevertheless coincide, which
corresponds to a degenerate case in the ordering of the quadruplex0,x1,x2,x3. That is, some
of the inequalities in (2.7) are replaced by equalities. Since tangencies in the braid diagram
are excluded and since we start from a true period-4 orbit, the only possible degenerate
cases turn out to be

x0 < x1 = x2 < x3 and x0 < x2 = x3 < x1,

which both lead to a braid of type II.

REMARK 2.17. The fact that we have four different discretized braiddiagrams but only two
topological braid classes may lead to notational difficulties that we clarify here while we
are at it. The two discretized braid classes within one topological braid class are related by
a shiftσ or a double shiftσ2. We can thus go back and forth between the two by applying
shifts to bothv andR. When we obtain results for a parabolic flow generated byR that has
stationary braidv, then these results carry over toσ(R) andσ(v), sinceσ(R) is a parabolic
recurrence relation that fixesσ(v). We may thus restrict our attention to just one of the
discretized braid classes in each topological braid class.

2.5. Positive topological entropy
We are ready to assemble the machinery previously presentedin order to prove that a

twist map with a period-4 point of type I is chaotic. Throughout this section we assume
the infinite twist condition (2.2), which leads to a proof of Theorem 2.3, see Section 2.7 for
the case of a diffeomorphism. We will show that forf there exists a compact invariant set
Λ ⊂ R

2 on which f has positive topological entropy.
Our strategy is to first consider the second iteratef 2 and to show that there is a compact

setΛ1 ⊂ R
2, invariant underf 2, on which it is semi-conjugate to the shift map on three

symbols, which has positive entropy. Standard results about the entropy then imply that
the mapf also has positive entropy onΛ = Λ1∪ f (Λ1). The set of all sequences on three
symbols is denoted byΣ3 = {−1,0,+1}Z, andσ : Σ3 → Σ3 maps{an}n∈Z to the shifted
sequence{an+1}n∈Z.

Let z be a period-4 point of type I. According to Section 2.4 this means that we may
assume that thex-coordinates of its orbit, denoted byxi = πx f i(z), are ordered in a certain
way. In particular, in view of Remark 2.17 and considering aniterate ofz if necessary, we
may without loss of generality assume that

x0 < x3 < x1 < x2.

Let S⊂ R
2 be the set of all complete orbits off and define

Λ1
def
= {z∈ S| πx f 2i(z) ∈ [x0,x2] and πx f 2i+1(z) ∈ [x3,x1] for all i ∈ Z}. (2.8)

Remark 2.4 shows thatf−1 is well-defined (at least on the image off ). We note thatz and
f 2(z) are elements ofΛ1. The setΛ1 is invariant underf 2 and it is bounded. By definition
the x-coordinates are uniformly bounded onΛ1, while boundedness of they-coordinate
follows from the fact that the functionsY(x,x′) andỸ(x,x′) from Section 2.2 are continuous
on R

2 and thus bounded on bounded sets. Furthermore, sincef and f−1 are continuous
(differentiable) functions it is not hard to see thatΛ1 is compact.
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Let ϕ : Λ1 → Σ3 be the function that assigns a symbol sequence to each point in Λ1 as
follows:

ϕ(z) = {an}n∈Z ⇐⇒





an = +1 if πx f 2n(z) ∈ (x1,x2],
an = 0 if πx f 2n(z) ∈ [x3,x1],
an = −1 if πx f 2n(z) ∈ [x0,x3).

(2.9)

The sequence{an}n∈Z will be called the symbolic description of a point (trajectory) in Λ1.
We note that

ϕ(z) = {(−1)n−1}n∈Z and ϕ( f 2(z)) = {(−1)n}n∈Z. (2.10)

Our goal is to show thatϕ is a semi-conjugacy. It follows from the construction that
ϕ◦ f 2(z) = σ◦ϕ(z) for all z∈ Λ1. We still need to show thatϕ is surjective and continuous.
Continuity is proved in Lemma 2.21, while surjectivity follows from Lemma 2.20. Leading
up to that we first state and prove the crucial lemma, which uses the concepts of the flip
transformation, braid diagrams and their Conley index.

LEMMA 2.18. For any periodic symbol sequence{an}n∈Z ∈ Σ3 there exists a point inΛ1

that has{an}n∈Z as its symbolic description.

PROOF. Let p be the minimal period of the sequence{an}n∈Z, and let 4q denote the
smallest common multiple of 2p and 4.

Step 1.Construction of relative braid classes.
In Section 2.4 we explained in detail how a period-4 point yields a braidv ∈ D4

4 that is
stationary for the parabolic flow associated to the recurrence relationR = (Ri)i∈Z. In this
sectionv is assumed to be a type I braid. By concatenatingv (just repeating it) we obtain
more stationary skeletons. To be precise, define #qv to be theq-concatenation ofv. Clearly
#qv ∈ D4

4q, and it is a stationary skeleton forR (cf. Figure 2.10).
Using the skeletons #qv we can now construct numerous relative braid classes by weav-

ing in a free strand with the skeletal strands. Given a periodic symbol sequence{an}, a free
strandu = (ui)

4q−1
i=0 can be characterized as follows:

(i) For i odd,ui ∈ (x3,x1) wheni = 1 mod 4, andui ∈ (−x1,−x3) wheni = 3 mod 4.
(ii) The position of the even anchors is determined by the sequence{an}2q−1

n=0 :

if an = +1 thenu2n ∈ (x1,x2) for n odd, andu2n ∈ (−x2,−x1) for n even;
if an = 0 thenu2n ∈ (x3,x1) for n odd, andu2n ∈ (−x1,−x3) for n even;
if an = −1 thenu2n ∈ (x0,x3) for n odd, andu2n ∈ (−x3,−x0) for n even.

Moreover, letu4q = u0. The subdivision of the range ofn (basicallyn = 0,3 mod 4 and
n = 1,2 mod 4) is needed since we are working with the (flipped) coordinates for parabolic
recurrence relations. Figure 2.10 shows an example of a relative braid class obtained in
this way. Denote the equivalence class of the relative braids described above by[u rel #qv].
If an 6≡ ±(−1)n, then the these braid classes are bounded and proper. For thesequences
an ≡±(−1)n the corresponding points inΛ1 are given by (2.10), and we will exclude these
special sequences from our considerations.

Step 2.Non-triviality of the Conley index.
We now calculate the Conley index for the braid classes described in step 1. Since each
coordinateui can only move in the designated intervals as described above, the configuration
spaceN = cl([u rel #qv]) is a cartesian product of intervals, i.e.N ≃ I4q, a 4q-dimensional
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Figure 2.10: Braid diagrams corresponding to{. . . ,a0,a1,a2,a3,a4,a5,a6, . . .} =
{. . . ,0,+1,+1,0,−1,+1,0, . . .}. At the top is a generic non-symmetric situation, while
at the bottom the skeleton is deformed into a symmetric one, which has the same topological
information and has the advantage that it is a lot easier to survey. The homotopy type of this
braid class is the pointed space(S2,pt).

hypercube. We now proceed by determiningN−, the exit set. As in Example 2.16 the flow
can only decrease the total number of intersections ifu2n ∈ (x3,x1) or u2n ∈ (−x1,−x3).
Then the number of intersections decreases whenu2n moves through the boundary of these
intervals. The number of anchor points for which this is possible is equal to the number of
zeroes in{an}2q−1

n=0 . Denote this number byk. This wayN− consists only of opposite faces.
Therefore,h= [N/N−]≃ (Sk,pt). A standard result from homology theory then shows that

H∗(N,N−) = H∗((S
k,pt)) =

{
R if ∗ = k,
0 otherwise,

andCPt(h) = tk, proving that the Conley index is non-trivial for any periodic symbol se-
quence{an} with an 6≡ ±(−1)n. Such symbol sequences will be earmarked as non-trivial.

Step 3.Existence of periodic points.
From the previous step we have thatCP−1(h) = (−1)k 6= 0. Lemma 2.14 then proves that
there exists at least one stationary point, i.e. a solution of R = 0, in the relative braid class
[u rel #qv] that is associated to each of the non-trivial periodic symbol sequences{an}. The
considerations in Section 2.2, in particular Lemma 2.7, imply that the stationary solution
u constructed this way corresponds to a periodic point off . Hence it corresponds to a 2q
periodic orbit of f 2 and the construction of the braid classes ensures that this periodic orbit
is in Λ1 and has symbolic description{an}. �
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The proof of Lemma 2.18 does not show that every periodic symbol sequences of min-
imal periodp corresponds to a periodic trajectory with periodp of f 2 (only whenp is even
this is clear). Nor do we obtain uniqueness of points inΛ1 that have a particular periodic
symbolic description. However, since we are only building asemi-conjugacy, neither of
these points matter.

REMARK 2.19. For anyz∈ Λ1 the x-coordinates of the even iterates cannot be on the
boundary of the intervals distinguishing the different symbolic descriptions, i.e.πx f 2n(z) 6=
x1,x3. Namely, supposeπx f 2n(z) = x1 or x3, then after applying the flip transformation and
interpreting the flipped trajectory ofz as a strand in the braid diagram (see Figure 2.10),
this strand is stationary and has a tangency at anchor point 2n with one of the strands of the
skeleton. This is impossible, as stated in Proposition 2.11. An alternative is to compare the
trajectories ofz andz and to use the twist property of the orientation reversing twist map f
to obtain a contradiction directly.

The periodic symbol sequences from Lemma 2.18 allow us to deal with the general
case.

LEMMA 2.20. For any sequence{an}n∈Z ∈ Σ3 there exist a point inΛ1 that has{an}n∈Z as
its symbolic description.

PROOF. Let a = {an}n∈Z be any sequence inΣ3. We can approacha by periodic se-
quencesak ∈ Σ3, whereak

n = an for |n| ≤ k with periodic extensionak
n = ak

n−2k−1 for all n.
Clearlyak → a ask→ ∞, with ak being periodic (the metric is given explicitly in the proof
of the next lemma). Lemma 2.18 shows that there exist pointszk ∈ Λ1 such thatϕ(zk) = ak.
SinceΛ1 is compact, there exists a convergent subsequencezkm → z∈ Λ1 asm→ ∞. Let
ϕ(z) = b∈ Σ3, then we claim thatb = a. For any fixedn∈ Z, πx f 2n(z) is either in[x0,x3),
(x3,x1) or (x1,x2], because the valuesx1 andx3 are excluded by Remark 2.19. Hence it
follows that formsufficiently largeπx f 2n(zkm) is in the same of these intervals asπx f 2n(z).
Since the intervals encode the symbolic description, this impliesbn = akm

n for sufficiently
largem, and thus indeedb = a. �

LEMMA 2.21. The mapϕ defined in(2.9) is continuous.

PROOF. The arguments resemble the ones used in the previous proof.We use the metric
d(a,b) = 2−max{m|an=bn for |n|<m} on Σ3. Let zk be any convergent sequence inΛ1, zk →
z∈ Λ1. Let ϕ(z) = b ∈ Σ3 and ϕ(zk) = bk. For any fixedn ∈ Z, πx f 2n(z) is either in
[x0,x3), (x3,x1) or (x1,x2], because the valuesx1 sandx3 are excluded by Remark 2.19.
Hence it follows that fork sufficiently largeπx f 2n(zk) is in the same of these intervals as
πx f 2n(z), which impliesbn = bk

n for sufficiently largek. In particular, for any (large)m∈ N

there exists aK(m) ∈ N such thatbn = bk
n for all |n| ≤ m and k ≥ K. In other words,

|ϕ(z)−ϕ(zk)| ≤ 2−m−1 for k≥ K, which establishes continuity. �

From the previous lemmas we conclude thatϕ as defined by (2.9) is a semi-conjugacy
from f 2|Λ1 to σ|Σ3. To carry over this information to the mapf we define

Λ def
= Λ1∪ f (Λ1),

which is invariant underf , and the entropy off on Λ can be estimated in terms of the
entropy of the shift on three symbols.
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THEOREM 2.22. An orientation reversing twist map of the plane that satisfies the infinite
twist condition and that has a type I period-4 point, has positive topological entropy re-
stricted to the compact invariant setΛ.

PROOF. We use the semi-conjugacyϕ to estimates the entropyh( f |Λ) of f on Λ. Stan-
dard properties of the entropy (e.g. see [24]) give the estimates

h( f |Λ) =
1
2

h( f 2|Λ) ≥ 1
2

h( f 2|Λ1) ≥
1
2

h(σ|Σ3) =
1
2

ln(3).

�

REMARK 2.23. As an alternative strategy one can consider the fourthiterate of f instead of
the second one. This is perhaps more natural in view of the decomposition of f 4 in terms
of orientation preserving twist maps, as discussed in the introduction. On the other hand,
the notation becomes a bit more involved. Anyway, it is not difficult to see that arguments
analogous to the ones used for the second iterate lead to a semi-conjugacy of f 4|Λ1 to the
shift on the spaceΣ9 of sequences on nine symbols. This approach gives exactly the same
lower bound for the topological entropy off :

h( f |Λ) ≥ 1
4

h( f 4|Λ1) ≥
1
4

h(σ|Σ9) =
1
4

ln(9) =
1
2

ln(3).

2.6. Type II periodic points
In the previous section we have proved that a period-4 orbit of type I forces orientation

reversing twist maps to be chaotic. Now we will show that the theorem is “sharp” in the
sense that we construct an example of a map with a period-4 orbit of type II that has zero
topological entropy, i.e., the entropy of the dynamics restricted to any bounded invariant set
is zero.

We start with the well known quadratic family of one dimensional maps

xk+1 = λxk(1−xk),

whereλ is a parameter. This map is a good starting point since it has asimple formula and
its dynamics has been studied extensively. The property of most interest to us is that forλ
slightly larger than

λ∗ = 1+
√

6,

the system has a period-4 orbit which is stable (the period-2orbit undergoes a period dou-
bling bifurcation atλ = λ∗). Moreover, the topological entropy of the map on the maximal
bounded invariant set is zero.

We want to embed this system intoR2 and turn it into an orientation reversing twist
map. To accomplish this we use the family of maps

fε :

(
x
y

)
→

(
y

εx+ λy(1−y)

)
,

which are orientation reversing twist diffeomorphisms forall ε > 0, while for ε = 0 we
retrieve the quadratic family in disguise (f0 is not a diffeomorphism). Notice that forε = 0,
and λ slightly larger thanλ∗, the period-4 orbit is of type II (cf. Section 2.4). Intuition
suggests that for smallε > 0 the perturbationεx will not change the dynamics much (in
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particular, the entropy remains zero). The remainder of this section is spent on making this
precise.

Since our aim is to show that the maps forε > 0 have zero topological entropy we
prove that their non-wandering sets are all “the same”, and in a sense “copies” of the non-
wandering set atε = 0, i.e., we will prove a version ofΩ-stability for this particular situation.
Let Sε be the set of all all points inR2 through which there is a complete bounded orbit offε,
and letΩε be the set of non-wandering points offε. We start with proving that all interesting
dynamics is contained in the compact setN

def
= [−1,2]× [−1,2].

LEMMA 2.24. For ε ∈ [0,1/2) andλ ∈ [1,4] it holds thatΩε ⊂ Sε ⊂ int(N).

PROOF. The caseε = 0 corresponds to the one-dimensional quadratic map and the
statements are easily seen to hold. We turn to the caseε∈ (0,1/2), for which fε is invertible.
First we show thatSε ⊂ N. Let us start with the boundxn,yn < 2. By contradiction, assume
thatx0 ≥ 2, then sinceλyn(1−yn) ≤ 1 we have

xn−2 ≥
xn−1

ε
.

Hence the sequencex−2k →∞, ask→∞. This contradicts the fact that trajectory is bounded,
so indeedxn < 2 for all n. Sinceyn = xn+1 we then also haveyn < 2.

Next we prove thatxn,yn > −1. If y0 ≤−1 then the inequality

yn+1 < λyn(1−yn)+1

implies thatyk →−∞ ask→ ∞. Thereforeyn > −1 and again the same holds forxn.
We now show that alsoΩε ⊂ N. From the previous argument we see that if this is not

the case then there has to be some point(x0,y0) ∈ Ωε for which x0 ≥ 2. It then follows
that x−2k → ∞, and sincex0 is non-wanderingx−2m+1 has to be arbitrarily close tox0 ≥ 2
for somem∈ N. The same reasoning as before then shows thatx−2m+1−2k → ∞ ask→ ∞,
contradicting the fact that(x0,y0) ∈ Ωε. We have thus established thatΩε ⊂ N. Finally, if
z∈ Ωε, then fε(z) ∈ Ωε and f−1

ε (z) ∈ Ωε, henceΩε ⊂ Sε. �

In Ω-stability theory the concept of axiom A maps and the no-cycle property are usually
essential (see for example [62]). Let us recall their standard definitions. For a compact
manifold M, we say that a mapf : M → M satisfiesaxiom Aif the setΩ( f ) is hyperbolic
and the periodic points are dense inΩ( f ). When f satisfies axiom A then the non-wandering
setΩ( f ) can be written as a finite disjoint unionΩ = Ω0∪ ·· · ∪Ωk of closed invariant sets
on which f is topologically transitive (the spectral decomposition theorem, cf. [62]). The
setsΩi are called basic sets. We say thatΩi ≤ Ω j if (Ws(Ωi)\Ωi)∩ (Wu(Ω j)\Ω j) 6= ∅,
where the stable and unstable sets are given by

Ws(Ωi) = {x∈ M | f n(x) → Ωi asn→ ∞}
Wu(Ωi) = {x∈ M | f−n(x) → Ωi asn→ ∞}.

A map f satisfying axiom A has the no-cycle property if for every choice of distinct indices
{ik}n

k=1, n≥ 1 it is impossible to have the inequalities

Ωi1 ≤ Ωi2 ≤ . . . ≤ Ωin ≤ Ωi1.
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Figure 2.11: The graph of the fourth power of the quadratic map. The parameterλ is set to
λ∗ +0.04. The intervalsA1, A2 andA3 (bounded by the extrema) are indicated.
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Figure 2.12: One of the two trapping regions of the period-4 orbit. We chooseλ so close toλ∗

that the function is monotone between the three fixed points of F4
λ in the picture.

Since our case does not fit in the usual setting of diffeomorphisms on a compact mani-
fold we will now adapt these concepts to the familyfε. For f0 the invariant set is

S0 = {(x,y) |x∈ [0,λ/4] andy = λx(1−x)}.

For values ofλ slightly larger thanλ∗ there are two unstable fixed points, an unstable period-
2 orbit and stable period-4 orbit. For simplicity we write

• Ω1 – period-4 orbit;
• Ω2 – period-2 orbit;
• Ω3 – non-trivial fixed point;
• Ω4 – fixed point(0,0).
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We would like to show that these are the only non-wandering points. To analyze the dy-
namics we observe that for the fourth powerF4

λ of quadratic mapFλ(x) = λx(1− x) even-
tually maps any pointx0 ∈ (0,1) into the intervalA = [Fλ(λ/4),λ/4] (cf. Figure 2.11).
On the other hand, inA we can distinguish three intervalsA1 = [Fλ(λ/4),F3

λ (λ/4)],
A2 = (F3

λ (λ/4),F2
λ (λ/4)) andA3 = [F2

λ (λ/4),λ/4]. Monotonicity ofF4
λ onA2∩(F4

λ )−1(A2)
guarantees that any point inA, with the exception of the fixed pointΩ2, will eventually en-
ter A1 or A3 under iterates ofF4

λ . Apart from the period-2 orbit any point inA1 andA3

approaches the period-4 orbit due to monotonicity ofF4
λ on these intervals (cf. Figure 2.12).

Our choice ofλ is sufficiently close toλ∗ so that the functionF4
λ is monotone between

the three fixed points ofF4
λ in A1 andA3. Since f0 mimics the dynamics ofFλ, it follows

that any point inS0 that is not eventually periodic hasΩ3 as itsω-limit set. Moreover, we
have proved that there are no other non-wandering points then the orbits contained inΩi for
i = 1,2,3,4, i.e.

Ω0 = Ω1∪Ω2∪Ω3∪Ω4.

One can easily see that the eigenvalues ofd f0 in a point inΩ0 areα1 = 0 andα2, which
is equal to the eigenvalue of the corresponding point ofFλ. Again, since forλ sufficiently
close toλ∗, andλ > λ∗, we haveF ′

λ 6= ±1 at the fixed points, the period-2 and the period-4
orbit. Hence, they are all hyperbolic, andΩi is hyperbolic fori = 1,2,3,4.

The reasoning above shows thatf0 has a hyperbolic non-wandering set which only
consists of periodic orbits. Moreover, we have identified the basic sets to beΩi with
i = 1,2,3,4. Now we turn to the no-cycle property. To simplify the notation we write
W̃s(Ωi) =Ws(Ωi)\Ωi andW̃u(Ωi) =Wu(Ωi)\Ωi . To exclude the existence of a cycle let us
start with the observation that̃Ws(Ω4)∩S0 = ∅. This ensures thatΩi 6≤ Ω4 for i = 1,2,3,4.
On the other hand̃Wu(Ω1) = ∅, soΩ1 6≤ Ωi for i = 1,2,3,4. From the arguments above
(illustrated in Figures 2.11 and 2.12) it follows that̃Wu(Ω3) ⊂ Ws(Ω1) ∪Ws(Ω2) and
W̃u(Ω2) ⊂ Ws(Ω1). Combining these observation we see that there are no cyclesamong
{Ωi}4

i=1. This reasoning shows that

LEMMA 2.25. For λ slightly larger than λ∗ the map f0 has a finite hyperbolic non-
wandering set, and there are no cycles among the basic sets.

We are now in a position to proveΩ-stability and in particular

LEMMA 2.26. There exists anε∗ such that for allε ∈ [0,ε∗] the setΩε is finite.

PROOF. We will mimic the proof ofΩ-stability theorem for diffeomorphisms on a com-
pact set in [62]. From the lemmas above we know thatΩ0 = per( f0) = Ω1∪Ω2∪Ω3∪Ω4.
It is well know that for f0 there exist a Lyapunov function (see [41]). So there exists a
functionV : N → R satisfying the following conditions. It is decreasing along trajectories
of f0, except onΩi , i = 1,2,3,4, whereV is constant. Furthermore, because of the no-cycle
property we may assume thatV(Ωi) 6= V(Ω j) for i 6= j. Also, we can rescaleV so that
V : N → (1

2,41
2] andV(Ωi) = i. We define the (compact) sets

M j
def
= V−1((−∞, j +1/2]) ∩ N.

The setsM j have the properties of a filtration:

(1) N = M4 ⊃ M3 ⊃ M2 ⊃ M1 ⊃ M0 = ∅;
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(2) f0(M j) ⊂ int(M j);
(3) Ω j ⊂ int(M j \M j−1);
(4) Ω j =

⋂∞
k=−∞ f k

0(M j \M j−1);

where f−k
0 denotes thek-th pre-image. These properties follow from the definition of M j

and the structure ofΩ0. For simplicity denote

U j
def
= M j \M j−1.

By the continuity of the familyfε and the compactness ofN we can chooseε1 so small that
property (2) holds for allε ≤ ε1, i.e. fε(M j) ⊂ int(M j) for all j.

SinceΩi consists of a hyperbolic periodic orbit,Ωi continues under perturbations. The
perturbed periodic orbit, denoted byΩε

i , is again hyperbolic forε sufficiently small, say
ε ≤ ε2 ≤ ε1. ClearlyΩε

i ⊂ Ωε for all i. To conclude the proof we show the other inclusion
Ωε ⊂ Ωε

1∪Ωε
2∪Ωε

3∪Ωε
4.

We will prove the two following claims. Firstly, forε sufficiently small,Ωε
j = Sε(U j),

whereSε(U j) is the set of all points inR2 whose complete orbits lie entirely inU j . Secondly,
if z∈ Ωε ∩U j for someε ≤ ε2 and somej, then f i

ε(z) ∈U j for all i ∈ Z. Let us assume for
the moment that the claims are true forε ≤ ε∗ ≤ ε2. Let z0 ∈ Ωε for someε ∈ (0,ε∗]. By
property (1) of the setsM j the pointz0 has to be in someU j0. By the second claim the whole
trajectory ofz0 is contained inU j0. Then the first claim shows thatz0 ∈ Ωε

j . This proves that
the non-wandering set forfε consists entirely of the perturbation of the non-wanderingset
of f0. In particular,Ωε is finite. Now we return to the proof of the claims.

Claim 1: Ωε
j = Sε(U j) for all j and allε sufficiently small. Because of property (3) of

the setM j we getΩε
j ⊂ Sε(U j) for ε sufficiently small. For the other inclusion we argue by

contradiction. Settingε = 1/n we assume that for alln ≥ n0 ∈ N there is azn ∈ S1/n(U j)

such thatzn 6∈ Ω1/n
j . By the hyperbolicity ofΩ j (andΩε

j ) there is aδ > 0 such thatf k(n)
1/n (zn)

is not in aδ-ball Bδ(Ω j) aroundΩ j for somek(n) ∈ Z. Setwn = f k(n)
1/n (zn), thenwn ∈

S1/n(U j)\Bδ(Ω j). By compactness ofN there exists a subsequencem0(n) so thatwm0(n) →
v0 ∈ U j \Bδ(Ω j). We want to show thatv0 ∈ U j and that there is an complete orbit in
U j through v0. First we prove thatf i

0(v0) ∈ U j for all i ≥ 0. If this would not be the
case thenf i

0(v0) ∈ M j−1 for somei ≥ 0. From the property (2) of the setsM j we get
f i+1
0 (v0)∈ int(M j−1), and from the continuity of the familyfε and the continuity of the map

it follows that f i+1
1/m0(n)(wm0(n)) ∈ int(M j−1) for n large, which contradicts the assumption

thatwm0(n) ∈U j . We thus have thatf i
0(v0) ∈U j for all i ≥ 0. To get the same for pre-images

of v0 we need to extract further subsequences.
From the sequencem0(n) we extract yet another subsequencem1(n) such that the

inverse imagef−1
1/m1(n)(wm1(n)) converges to, say,v−1. It easily follows that f0(v−1) =

v0. Similarly, from the sequencem1(n) we can extract a subsequencem2(n) such that
f−2
1/m2(n)(wm2(n)) → v−2, and f0(v−2) = v−1. We can repeat this procedure inductively and

we end up with a sequence{vk}0
k=−∞ ⊂U j and f0(v−k) = v−k+1. In fact,v−k ∈U j (k∈ N),

because ifv−k ∈U j \U j , thenv−k+1 = f (v−k) ∈ int(M j−1), a contradiction.
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We have now constructed a whole trajectory{vk}0
k=−∞∪{ f k

0(v0)}∞
k=0 of f0 contained in

S0(U j). By property (4) of the setsM j this trajectory has to be contained inΩ j , but since
v0 6∈ Bδ(Ω j) we get a contradiction, which concludes the proof of the claim 1.

Claim 2: For all z∈ Ωε with ε ∈ (0,ε2] it holds that if z∈ U j , then f i
ε(z) ∈ U j for

all i ∈ Z. It is worth recalling thatε ≤ ε2 implies that fε(M j) ⊂ int(M j). Assume that
z∈ Ωε ∩U j for some j.

Firstly, we show thatf i
ε(z) ∈ U j for all i ≥ 0. Sincez is in M j we know that f i

ε(z)
is in the interior ofM j for every positivei. Next, f i

ε(z) /∈ M j−1 for all i > 0. Namely, if
f i
ε(z) ∈ M j−1 for somei > 0, then the next iterate is in the interior ofM j−1. The continuity

of the map guarantees thatf i+1
ε (Bδ(z)) ⊂ int(M j−1), for δ sufficiently small, which also

implies f i+1+k
ε (Bδ(z)) ⊂ int(M j−1) for all k∈ N. On the other hand,Bδ(z)∩M j−1 = ∅, for

sufficiently smallδ. Hence,f i+1+k
ε (Bδ(z))∩Bδ(z) = ∅ for all positivek andδ sufficiently

small, which contradictsz∈ Ωε.
Secondly, we show that also the negative iteratesf−i

ε (z) ∈ U j , for all i > 0. We have
to show thatf−i

ε (z) 6∈ M j−1 and that f−i
ε (z) 6∈ U j+m, wherei,m > 0. As above it follows

that if f−i
ε (z) ∈ M j−1, thenz = f−i+i

ε (z) ∈ int(M j−1), whereasz∈ U j , which shows that
f−i
ε (z) 6∈ M j−1. To prove thatf−i

ε (z) 6∈ U j+m, m> 0, we observe that the non-wandering
setΩε is invariant underfε and f−1

ε . If we would have that ˜z= f−i
ε (z) ∈ U j+m for some

i > 0 and somem> 0, thenz̃∈ Ωε and f k
ε (z̃) ∈U j+m, for all k≥ 0, by the result on positive

iterates established above. This contradicts the fact thatf i
ε(z̃) = z∈U j , concluding the proof

of claim 2 and therefore the lemma. �

We have thus found our counterexample.

LEMMA 2.27. The orientation reversing twist maps fε, with λ slightly larger thanλ∗ andε
sufficiently small, which have a period-4 orbit of type II, have zero topological entropy (as
explained at the beginning of this section).

PROOF. Lemma 2.26 proves that the non-wandering setΩε of fε is finite. Standard
results on the topological entropy show that the entropy offε on Sε is equal to the entropy
on Ωε, and the entropy of the map on a finite set is zero (e.g. see [62]). �

2.7. Twist diffeomorphisms of the plane
We now extend our results to situations where the parabolic recurrence relation is not

defined on the whole ofR3. Since this requires some careful analysis, this section issub-
stantially more technical than the previous ones. We first introduce the necessary frame
work and in Section 2.7 we apply it to period-4 orbits of orientation reversing twist diffeo-
morphisms and we prove Theorem 2.2.

The domain of parabolic recurrence relations

We are interested inbijectiveorientation reversing twist maps. In the introduction it has
been explained that the fourth iterate can be decomposed in four orientation preserving pos-
itive twist maps, to which we can apply the theory of parabolic flows. We thus restrict our
attention here to orientationpreservingtwist diffeomorphisms, and compositions thereof.
We assumef is an orientation preserving twist diffeomorphism, i.e.f is bijective toR

2,
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Figure 2.13: The domainD of the functionsYf andỸf for a twist diffeomorphismf .

d f 6= 0, and∂2(πx f ) > 0. By definition the functionf−1 is defined onR2, it is differen-
tiable by the inverse function theorem, and∂2(πx f−1) < 0, i.e. f−1 has negative twist.

We recall and refine some notation from Section 2.2. Let(x′,y′) = f (x,y), then there
are differentiable functionsYf andỸf with ∂2Yf > 0 and∂1Ỹf < 0, such that

y = Yf (x,x
′) and y′ = Ỹf (x,x

′). (2.11)

Since f−1 has negative twist, the same reasoning as in Section 2.2 gives differentiable
functionsYf−1 and Ỹf−1 with ∂2Yf−1 < 0 and ∂1Ỹf−1 > 0, such thaty′ = Yf−1(x′,x) and

y = Ỹf−1(x′,x). Obviously

Yf (x,x
′) = Ỹf−1(x′,x) and Ỹf (x,x

′) = Yf−1(x′,x).

Let us consider the domainD of Yf andỸf , and define

g(x)
def
= lim

y→−∞
πx f (x,y) and h(x)

def
= lim

y→∞
πx f (x,y). (2.12)

These are functions fromR to [−∞,∞]. Since they are limits of monotone sequences of
continuous functions,g is upper semi-continuous andh lower semi-continuous, andg(x) <

h(x) for all x∈ R. The domain ofYf andỸf is the open set given by

D = {(x,x′) |x∈ R, g(x) < x′ < h(x)}.
When f is invertible we can use the same arguments forf−1. We defineG(x) =

limy→∞ πx f−1(x,y) andH(x) = limy→−∞ πx f−1(x,y). The domain ofYf−1 andỸf−1 is given

by D̃ = {(x′,x) |x′ ∈ R, G(x′) < x < H(x′)}. Obviously(x,x′) ∈ D if and only if (x′,x) ∈ D̃,
i.e. D̃ = D−1. This gives us a lot of information ong andh. In fact, the boundary∂D of
D consists of at most four pieces, each of which is a monotone graph. This is depicted in
Figure 2.13.

It takes some notation to make this precise. The functionh : R → (−∞,∞] is lower
semi-continuous; there is a pointxh ∈ [−∞,∞] such thath(xh) = ∞ andh is non-decreasing
for x < xh, and non-increasing forx > xh. This means thath consists of at most two pieces
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of real-valued functions on (semi-)infinite intervals, a non-decreasing functionh+ and a
non-increasing oneh−. Sinceh and/orxh can be infinite,h− and/orh+ may be nonexistent.
The associated graphs are

h± = gr(h±) = ∂{(x,x′) ∈ R
2 |x∈ dom(h±),x′ < h±(x)} ⊂ R

2.

In Figure 2.13h+ is the northwest boundary andh− is the northeast boundary. A similar
description is valid forg, with g+ being non-decreasing (the southeast) andg− being non-
increasing (the southwest). The boundary ofD ⊂ R

2 thus consists of the (at most four)
graphsg± andh±.

Since the parabolic recurrence relation, and hence the parabolic flow, is not defined on
the boundary∂D, we need to define (preferably smooth) approximations to it.We con-
struct here the smooth approximations to the northwest boundary h+. The other bound-
aries are dealt with similarly. Leth+ε be a cutoff/extension function ofh+: h+ε(x) =
min{ε−1,h+(x)} for x∈ dom(h+) andh+ε(x) = ε−1 for x /∈ dom(h+). We make it smooth
by using a one-sided mollification as follows. Letz(x) be a nonnegative function with sup-
port in [0,1] and integral

∫
R

z= 1; let zε(x) = ε−1z(x/ε). Define

h+
ε (x) = ε

arctanh(x)−1
2

+

∫

R

zε(y)h
+ε(x−y)dy.

Theε-approximationh+
ε of h+ is smooth onR. Because of the one-sided mollification and

the addition of a small increasing term,h+
ε is increasing, henceh+

ε
′
> 0, and

h+(x− ε)− ε < h+
ε (x) < h+(x) (2.13)

providedx− ε ∈ dom(h+). This means that gr(h+
ε ) is

√
2ε-close toh+ on the piece where

h+
ε < ε−1. The cut-off along thex′ coordinate will cause no problems since we will only be

interested in bounded braid classes, i.e. bounded subset ofR
2. Furthermore,h+

ε is strictly
increasing inε. It follows from (2.11), (2.12) and (2.13) that

lim
ε→0

Y(x,h+
ε (x)) = ∞ for all x∈ dom(h+), (2.14a)

lim
ε→0

Ỹ((h+
ε )−1(x′),x′) = ∞ for all x′ ∈ range(h+). (2.14b)

Since we are interested in compositionsfd−1◦ fd−2◦ · · · ◦ f1◦ f0 of orientation preserv-
ing twist maps, we index the correspondingg andh accordingly. Theε-approximation of
the domainDi of Yi is thus

Di,ε = {(xi ,xi+1) |g±i,ε(xi) ≤ xi+1 ≤ h±i,ε(xi)}.

Restricted braid classes

The spaces ofrestrictedbraid diagrams are defined as (cf. [34])

En
d

def
= Dn

d ∩{u |(uα
i ,uα

i+1) ∈ Di for i = 0. . .d−1 andα = 1. . .n},
En

d
def
= Dn

d ∩{u |(uα
i ,uα

i+1) ∈ Di for i = 0. . .d−1 andα = 1. . .n},
ΣE

def
= En

d \En
d.

Foru ∈ En
d the restricted braid class[u]E is defined as[u]∩E. Forv ∈ Em

d andu∪v∈ Dn+m
d

the restricted relative braid class[u rel v]E is [u rel v]∩{u ∈ En
d}.
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Figure 2.14: (a) The northwest corner and itsε-approximation with the direction of the flow.
(b) Cartoon of the four pieces of boundary of the domain.

The boundary of a restricted relative braid class[u rel v]E consists of two parts,
namely the singular braids in∂[u rel v]E∩ ΣE, and the braids that violate the restriction
in ∂[u rel v]E \ ΣE. The parabolic flow is well-defined on∂[u rel v]E ∩ ΣE but not on
∂[u rel v]E \ΣE. To overcome this difficulty we may of course use theε-approximations
of Section 2.7:

[u rel v]ε
E

= [u rel v]E∩{u |(uα
i ,uα

i+1) ∈ Di,ε for i = 0. . .d−1 andα = 1. . .n}.
Now the flow is well-defined on the whole boundary∂[u rel v]ε

E
.

As an example, let us suppose(uk,uk+1) is close to the northwest boundaryh+ of Dk,
sayuk+1 = h+

ε (uk) andε → 0. If all other pairs of coordinates(ui ,ui+1), i 6= k are not close
to the boundary, then, by (2.14), we have for sufficiently small ε that

duk

dt
= Yk(uk,uk+1)−Ỹk−1(uk−1,uk) > 0, (2.15)

duk+1

dt
= Yk+1(uk+1,uk+2)−Ỹk(uk,uk+1) < 0.

Sinceh′ε > 0 the flow is thus directed inwards at this point, see Figure 2.14a. On the other
boundaries similar arguments hold, which leads to the (mental) picture in Figure 2.14b.

However, we may have a problem when for example(uk−1,uk) also approaches a
boundary. If it approaches the southeast or northeast boundary then there is no problem,
since theñYk−1(uk−1,uk) < 0 and (2.15) still holds. On the other hand, if(uk−1,uk) ap-
proaches the northwest or southwest boundary then the two terms in (2.15) do not cooperate
and we can draw no conclusion about the sign. In that case we are unable to conclude that
[u rel v]εE is isolating for the parabolic flow. We therefore need to introduce the notion of
cooperation.

DEFINITION 2.28. A restricted relative braid class[u rel v]E is cooperating, if for any braid
u in the boundary piece∂[u rel v]E\ΣE, the following holds:

(1) if (uα
i ,uα

i+1) ∈ h±i , then(uα
i−1,u

α
i ) /∈ h+

i−1∪g−i−1;

(2) if (uα
i ,uα

i+1) ∈ g±i , then(uα
i−1,u

α
i ) /∈ h−i−1∪g+

i−1.
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We want to link the index of the restricted braid class to thatof the unrestricted braid
class. For that purpose we need a stronger assumption, that also takes points in[u rel v] \
[u rel v]E into account.

DEFINITION 2.29. A restricted relative braid class[u rel v]E is stronglycooperating if for
anyu ∈ cl([u rel v]) the following holds:

(1) if uα
i+1 ≥ h±i (uα

i ), thenuα
i < h+

i−1(u
α
i−1) anduα

i > g−i−1(u
α
i−1);

(2) if uα
i+1 ≤ g±i (uα

i ), thenuα
i < h−i−1(u

α
i−1) anduα

i > g+
i−1(u

α
i−1).

We are now ready to state the main result. The statement and proof are similar to Sec-
tion 8.3 in [34], where the restrictions on the domain were simpler and cooperation was
automatic.

THEOREM 2.30. Let [u rel v]E be a cooperating restricted braid class and let the unre-
stricted braid class[u rel v] be bounded and proper.

(a) Then theε-approximation Nε = cl([u rel v]ε
E
) is an isolating neighborhood for the para-

bolic flow for all sufficiently smallε, which yields a well-defined Conley index, denoted
by h(u rel v,E).

(b) Moreover, if [u rel v]E is strongly cooperating, then the index of the restricted braid
class is the same as that of the unrestricted braid class: h(u rel v,E) = h(u rel v).

PROOF. Denote byR̃i the parabolic recurrence relation under consideration, with par-
abolic flow ψ̃t defined onNε for all small ε. We first need to show thatNε is isolating for
sufficiently smallε. For any pointu ∈ ∂Nε ∩ΣE the flow ψ̃t leavesNε in forward or back-
ward time by Proposition 2.11. For any pointu ∈ ∂Nε \ΣE the flowψ̃t leavesNε in forward
or backward direction by the definition of a cooperating braid class and the arguments that
lead up to its Definition 2.29. We thus conclude thatNε is isolating, hence its Conley index
is well-defined and is independent of (sufficiently small)ε.

Next consider the unrestricted braid class[u rel v]. There exists a parabolic flow that
fixes v (see Appendix of [34]), given by a recurrence relationR0 defined onR3. We are
going to change the recurrence relation so that it still fixesv, while the invariant set is
guaranteed to be in the smaller set[u rel v]E. Clearlyv ∈ E and alsov ∈ E2ε for sufficiently
smallε. Let η ∈C∞(R) such thatη(x) = 0 for x≤ 0 andη(x) = Ke−1/x for x> 0, with large
K to be chosen later. We construct a nonnegative functionζi(x,x′) that is 0 onDi,2ε and that
is large in some sense (see below) on the complement of the slightly largerDi,ε. Namely,
we define

ζi(x,x
′) = η

(
x′−h+

i,2ε(x)
)
+ η

(
x′−h−i,2ε(x)

)
−η

(
g+

i,2ε(x)−x′
)
−η

(
g−i,2ε(x)−x′

)
;

ξi(x,x
′) = η

(
x′−h+

i,2ε(x)
)
−η

(
x′−h−i,2ε(x)

)
−η

(
g+

i,2ε(x)−x′
)
+ η

(
g−i,2ε(x)−x′

)
.

It is important that∂2ζi ≥ 0 and∂1ξi ≤ 0 (they mirror the behavior ofYi and Ỹi). For
any large squareN in R

2 we can chooseε sufficiently small, so that the four terms have
disjoint support inN. Additionally, for anyC> 0 there is (by a straightforward compactness
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argument) a sufficiently largeK so that

ζi(x,x
′) = η(x′−h±i,2ε(x)) > C onN∩{x′ ≥ h±i,ε(x)}; (2.16a)

ζi(x,x
′) = −η(g±i,2ε(x)−x′) < −C onN∩{x′ ≤ g±i,ε(x)}; (2.16b)

ξi(x,x
′) = ±η(x′−h±i,2ε(x)) ≷ ±C onN∩{x′ ≥ h±i,ε(x)}; (2.16c)

ξi(x,x
′) = ∓η(g±i,2ε(x)−x′) ≶ ∓C onN∩{x′ ≤ g±i,ε(x)}. (2.16d)

We define fors∈ [0,1]

Rs
i (xi−1,xi ,xi+1) = R0

i (xi−1,xi ,xi+1)+s
[
ζi(xi ,xi+1)−ξi−1(xi−1,xi)

]
.

Let ψt
s be the flow generated byRs. By computing∂1R

s
i and∂3R

s
i , it is not difficult to check

that Rs is a parabolic recurrence relation andψt
s a parabolic flow for alls∈ [0,1]. Since

Rs = R0 on E2ε the whole family fixesv. Since[u rel v] is bounded it is contained in a
large cube, say(uα

i ,uα
i+1) ∈ N for all i andα. Using the strongly cooperating property of

[u rel v] we can deduce from (2.16) that for sufficiently largeK the recurrence relationsR1
i

andR1
i+1 have fixed sign whenever(xi ,xi+1) ∈ N \Di,ε, for example,R1

i > 0 andR1
i+1 < 0

whenxi+1 ≥ h+
i,ε(xi). This implies that in forward or backward time the orbit through such

a point leavesN. Therefore the invariant set forψt
1 in [u rel v] is completely contained in

[u rel v]ε
E
.

We now use the fact that the Conley index is a property not onlyof an isolating neigh-
borhood, but also of an invariant set. LetS be the invariant set of[u rel v] under the flow
ψt

1. Since[u rel v]ε
E

is also an isolating neighborhood ofS for ψt
1, we see that the Conley

indexes of[u rel v] and[u rel v]ε
E

are the same, namely the index ofS.
Finally, consider the flows given by the interpolating parabolic recurrence relations

(1−λ)R̃+λR1, λ ∈ [0,1], with parabolic flowψ̃t
λ. Note that̃ψt

0 = ψ̃t andψ̃t
1 = ψt

1, and the
whole family fixesv. Furthermore,[u rel v]ε

E
is an isolating neighborhood for̃ψt

λ for any

λ ∈ [0,1], since the signs ofR1
i andR̃i on the restricting boundaries are the same. Hence

the Conley index does not change along the continuation fromψ̃t to ψt
1:

h(u rel v,E) = h([u rel v]εE, ψ̃t) = h([u rel v]εE,ψt
1) = h([u rel v],ψt

1) = h(u rel v).

This finishes the proof. �

Positive entropy for bijective twist diffeomorphisms

Let us apply the theory developed in the previous section to prove Theorem 2.2. We
can try to emulate Section 2.5 up to the point where we need to calculate the Conley index,
which is now replaced by the restricted indexh([u rel v],E). We need to be sure that the
restricted index is well-defined. The braid classes under consideration are bounded and
proper, but they might not all be cooperating.

Let us look at the shape of the domainsDi. Since the skeletonv (cf. Figures 2.7 (right)
and 2.10) consists of stationary points, it must be that(vα

i ,vα
i+1) ∈ Di for α = 1,2,3,4.

These points are shown in Figure 2.15 for even and oddi. For eachi the projection of the
unrestricted braid class[u rel v] under consideration onto the(ui ,ui+1)-plane is one of the
three blocks indicated in Figure 2.15. As a consequence of the fact that(vα

i ,vα
i+1) ∈ Di

and of our knowledge about the shape of the boundary∂Di, we see that the northeast and



2.7 TWIST DIFFEOMORPHISMS OF THE PLANE 61

u2k

u2k+1

u2k+1

u2k+2
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Figure 2.15: The dots represent the points(vα
i ,vα

i+1) ∈ Di , α = 1,2,3,4 for eveni (left) and odd
i (right). The domainDi is indicated in gray. The projections of the unrestricted braid classes
onto the(ui ,ui+1)-plane are hatched. Of the four boundaries ofDi only two can intersect the
unrestricted braid classes.

southwest boundary never come into play for any of the braid classes under consideration,
see Figure 2.15 again.

According to the definition of cooperating braid classes we need to prevent that
(ui−1,ui) and (ui ,ui+1) can be both on the northeast or both on the southwest bound-
ary. When one retraces the steps, in particular the application of a flip in the proof of
Lemma 2.18, one sees that this can only happen if in the associated symbol sequence−1 is
adjacent to−1 or+1 is adjacent to+1, and we thus need to exclude these possibilities. To
ensure the braid class is cooperating we therefore go back a step and replace the (full) shift
on three symbols by a subshift with adjacency matrix

A =




0 1 1
1 1 1
1 1 0


 .

In words, only sequences in which−1 is followed by 0 or+1, and+1 is followed by−1 or
0, are allowed. The corresponding braid classes are now all cooperating, and even strongly
cooperating, so the remainder of the proof follows the path described in Section 2.5, using
Theorem 2.30 to compute the restricted Conley index.

There is one more issue to deal with, namely compactness. Theset Λ1 as defined
in (2.8) is not necessarily bounded, since, as should be clear at this point, it is harder to con-
trol they-coordinatesY andỸ for diffeomorphisms than it is for maps with the infinite twist
condition. To resolve this problem, consider the setΛ2 of periodic orbits off 2 that is “con-
structed” in the same way as in Lemma 2.18 with the restriction on the symbol sequences
due to the cooperating braid classes described above. To be more precise, for every sym-
bol sequence in the subshift defined byA the proof of Lemma 2.18 gives a corresponding
periodic point/orbit off 2, and the collection of these orbits we callΛ2.
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SinceΛ2 consists of orbits it is invariant underf 2 and we claim that it is also bounded.
Clearly thex-coordinates are uniformly bounded. The parameterε, that is used to regularize
in Section 2.7, can be chosen in a uniform manner, since thereare only four different maps
and four different domainsDi,ε to consider. In theε-approximations[u rel v]ε

E
of the braid

classes considered in Lemma 2.18, the pairs(xi ,xi+1) are in a bounded subset ofDi,ε, and
on these sets the continuous functionsY andỸ are bounded. Hence also they-coordinates
of the points inΛ2 are uniformly bounded.

The setΛ1 in Section 2.5 is now replaced by the (smaller) compact setΛ̃1 = cl(Λ2),
which is invariant underf 2. Clearly this set̃Λ1 also suffices in Lemma 2.20, because that
lemma essentially consists of taking the closure of the periodic trajectories. ReplacingΛ1

by Λ̃1 does not change any of the other arguments in Section 2.5. Theresulting lower bound
on the entropy of the bijective twist map is half of the entropy of the subshift, which is log
of 1+

√
2, the largest eigenvalue of the matrixA (cf. [42]).



CHAPTER 3

Floer homology for relative braid classes

3.1. Hamiltonian systems on the 2-disc
Let D

2 ⊂ R
2 be the 2-disc given byD2 = {x = (p,q) ∈ R

2 | |x|2 ≤ 1}, and letω0 =
dp∧dq be the standard area form onD

2. The pair(D2,ω0) is a 2-dimensional symplectic
manifold. We consider a class of Hamiltonian functionsH : R×R

2 → R that satisfy the
following hypotheses (with respect toD2):

(h1) H ∈C2(R×R
2;R);

(h2) H(t +1,x) = H(t,x) for all t ∈ R and allx∈ R
2;

(h3) H(t,x) = 0 for all x∈ ∂D
2 and allt ∈ R.

We denote this class of Hamiltonians byH(D2), or H for short if there is no ambiguity
about the symplectic manifold.

For a given HamiltonianH ∈H we define the time-dependent Hamilton vector fieldXH

by

iXH ω0 = −dH.

In other words,XH(t,x) = J0∇H(t,x) = −Hq(t,x) ∂
∂p +Hp(t,x) ∂

∂q , and

J0 =

(
0 −1
1 0

)

is the standard symplectic matrix, which is defined via the relation 〈·, ·〉 = ω0(·,J0·). If R
2

is regarded as the complex planeC thenJ0 corresponds to complex multiplication withi.
The vector fieldXH is aC1-function fromR/Z×R

2 to R
2. We restrictXH to R/Z×D

2.
Since the HamiltonianH is 1-periodic in time (Hypothesis (h2)) closed characteristics

or trajectories ofXH in R/Z×D
2 correspond ton-periodic (n ∈ N) solutions

(
x(t + n) =

x(t), ∀t
)

of the Hamilton differential equations

xt = XH(t,x), (t,x) ∈ R/Z×D
2. (3.1)

This system has a variational structure. In particular, the1-periodic solutionsx(t) are critical
points of the Hamilton action functional

fH(x) = −
∫ 1

0
α0(xt(t))dt +

∫ 1

0
H(t,x(t))dt, (3.2)

63
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whereα0 = pdq. The first variation is given by

d fH(x)ξ =
∫ 1

0
ω0

(
xt(t),ξ(t)

)
dt+

∫ 1

0
dH(t,x(t))ξ(t)dt

=

∫ 1

0
ω0

(
xt(t)−XH(t,x(t)),ξ(t)

)
dt.

REMARK 3.1. Hypothesis (h3) reflects thatD
2 is invariant for the Hamiltonian flow, and

so is∂D
2. In that setting, hypothesis (h3) is not a restriction onH. Namely, in order for

D
2 to be invariant for the Hamilton equations (3.1) we need thatH(t, ·)|∂D2 = constant for

eacht ∈ R. For such HamiltoniansH, the same flow is obtained from the “normalized”
HamiltonianH̃(t,x) = H(t,x)−H(t, ·)|∂D2, which satisfies (h3). Therefore, we can assume
(h3) without loss of generality.

The initial value problem for Equation (3.1) defines the solution operator, or time-τ
mapΨ = Ψτ as follows:Ψ(x0)

def
= x(τ;x0), x∈ D

2. By compactness ofD2 the initial value
problem yields solutions forτ ∈ [−τ0,τ0] for someτ0 > 0. Since the boundary∂D

2 ∼= S1

is invariant for Equation (3.1) solutionsx(t;x0), x0 ∈ int(D2), cannot intersect the boundary
in finite time and therefore|x(t;x0)| < 1. This implies thatτ0 = ∞ and the time-τ map is
defined for allτ ∈ R. The time-τ mapΨ is area preserving

Ψ∗ω0 = ω0.

At eachx∈D
2 it holds that det(dΨ(x)) = 1 and at eachx∈D

2, dΨ(x) is a symplectic matrix
with respect toω0. Recall that symplectic 2×2 matricesSare defined by the relation

STJ0S= J0,

which is derived from the conditionS∗ω0 = ω0, i.e. ω0(Sξ,Sη) = ω0(ξ,η). In particular,
for 2× 2 matrices this is equivalent to det(S) = 1. The symplectic 2× 2 matrices form a
group which is denoted by Sp(2,R), which (in dimension two) is equal to the special linear
group SL(2,R).

A 1-periodic solution of Equation (3.1) is equivalent to a fixed point of the time-1
mapΨ1. Let x(t + 1) = x(t) be a solution of Equation (3.1), thenΨ1(x(t)) = x(t) for any
t ∈ R, and vice versa, ifΨ1(x0) = x0 thenx(t;x0) is a 1-periodic solution of Equation (3.1).
For n-periodic solutions the same holds;n-periodic solutions are equivalent ton-periodic
points of the time-1 mapΨ1, i.e. x(t + n) = x(t) implies thatΨn(x(t)) = x(t) for all t ∈ R

and if Ψn(x0) = x0 thenx(t;x0) is ann-periodic solution.

3.2. Closed braids
In order to studyn-periodic solutions of Equation (3.1) we exploit a topological struc-

ture that is available only in 2-dimensional Hamiltonian systems. Letx be a periodic so-
lution of Equation (3.1) of integer periodn. By restrictingt to the interval[0,1] we can
describex via its translates

x1(t) = x(t), x2(t) = x(t +1), . . . , xn(t) = x(t +n−1),

see also Figure 3.1. Sincex1, . . . ,xn are solutions of Equation (3.1), the uniqueness of the
initial value problem implies that, if the periodn is minimal, then ‘curves’, orstrands, never
intersect, i.e.xk(t) 6= xk′(t), for anyk 6= k′ and anyt ∈ [0,1]. If the period is not minimal
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Figure 3.1: A periodic function with minimal period 2; a periodic function and its integer
translates; the restriction to the fundamental intervalt ∈ [0,1].

then some strands coincide. Since the collection of curves or strands is constructed from an
n-periodic solutionx it holds that

{
x1(1), . . . ,xn(1)

}
=

{
x1(0), . . . ,xn(0)

}

as (unordered) sets. Of course, if we consider a single periodic solution with minimal period
n, the values ofxk(1) andxk(0) do not match pointwise ink. As a matter of fact given a
family of solutions curves (not 1-periodic){xk(t)}n

k=1 for which the end points are cyclicly
permuted, is equivalent to having ann-periodic solutionx by concatenating the strands. As
such, appropriate collections of functions can be regardedas solutions of Equation (3.1).
This lead to the following definition.

DEFINITION 3.2. The space of closed braids onn strands, denotedΩn, consists of pairs
(x,σ), where σ ∈ Sn is a permutation, andx an unordered collection ofC0-functions
x = {xk}, k = 1, . . . ,n, with xk : [0,1] → D

2, called strands, which satisfy the following
properties;

(i) for all k = 1, . . . ,n it holds thatxk(1) = xσ(k)(0);1

(ii) for any pair of strandsk 6= k′, it holds thatxk(t) 6= xk′(t) for all t ∈ [0,1].

On Ωn we consider the standard (strong) metric topology of
(
C0([0,1];D2)

)n
, and the dis-

crete topology with respect to permutations, modulo permutations that change the ordering
of strands. To be more specific, two braids(x,σ) and(x̃, σ̃) are close in the topology ofΩn

if and only if for some permutationθ ∈ Sn it holds thatxθ(k) andx̃k are close inC0, for all k,
andσ̃ = θ−1σθ.

We remark that identification of braids which are equivalentunder permutation of the
strands is not necessary to develop the theory. On the one hand, it is elegant topologically,
but on the other hand, it is a bit cumbersome computationally. In most of the arguments
we shall (silently) order the strands, and it will be implicit that all arguments are invariant
under the choice of this ordering (i.e. choosing a representative). A collectionx satisfying
Condition (i) in fact defines a permutationσ. Therefore, we often omitσ from the notation
if there is no ambiguity about the permutation

1 The action ofσ is defined byσ
(
(1, . . . ,n)

)
= (σ(1), . . . ,σ(n)).
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In the spirit of this definitionn-periodic solutions yield closed braids which can be
interpreted as a solutions of the product system of Equation(3.1).2 In general a closedn-
braid is a collection of periodic solution of Equation (3.1)if all its strands satisfy Equation
(3.1). The sets of strands that correspond to the same cycle of the permutationσ are called
thecomponentsof the braid. The number of components determines the numberof periodic
solutions that is represented by the braid. In this context it is natural to extend any strand
xk(t), t ∈ [0,1] to all t ∈ R by requiring that

xk(t +1) = xσ(k)(t) for all t ∈ R andk = 1, . . . ,n. (3.3)

Whenn = 1, thenΩ1 = Ω1
= C0([0,1];D2). Condition (ii) makesΩn disconnected for

all n≥ 2, and we are especially interested in thepath componentsof Ωn.

DEFINITION 3.3. Two closed braidsx andx′ in Ωn are in the samebraid class, denoted
[x] = [x′], if and only if there exists a continuous pathx(s) ∈ Ωn, for all s∈ [0,1], such that
x(0) = x andx(1) = x′.

The (C0-)closure ofΩn, denotedΩn
, can be characterized as the set of all mapsx = {xk}

satisfying Condition (i) of the Definition 3.2 but not necessarily Condition (ii). The braids
failing to satisfy the Condition (ii) of Definition 3.2 are called singular braids.

DEFINITION 3.4. Σn = Ωn\Ωn is the set ofsingularbraids.

It is easy to see that, generically, a singular braid is a collection of strandsx for which
xk(t0) = xk′(t0) for exactly one pairk 6= k′ and exactly onet0 ∈ [0,1]. We will say that such
a collection of strands is a codimension 1 singularity and denote the set consisting of such
braids asΣn

1 ⊂ Σn. We can also defineΣn
k ⊂ Σn as the set of codimensionk singularities,

which consists of singular braidsx with at most ‘k intersections’. The setΣn
1 serves as the

‘walls’ between path components ofΩn.
At the other extreme, an important subset of singular braidsare the so-calledcollapsed

singularitiesΣn
− ⊂ Σn. This may happen in two slightly different ways; either a component

collapses into a braid with fewer strands, or two different components coalesce into one
component. To be more precise

Σn
−

def
=

{
x ∈ Σn |xk(t) = xk′(t), for all t ∈ R, for somek 6= k′

}
.

Note thatΣn
− can be identified with the spacesΩn′

, n′ < n, under the appropriate identifica-
tion of collapsed strands. Whenn = 1, thenΣ1 = Σ1

− = ∅.
In the casen = 1 the variational principle for Equation (3.1) is given by the action

functional in (3.2). For closedn-braids we can adjust the variational principle as follows.
Given anyx ∈ Ωn

define its action by

fH(x) =
n

∑
k=1

fH(xk), (3.4)

where fH is defined by (3.2). We may also regard the action as a Hamiltonian action for a
Hamiltonian system on(D2)n, with ω0 = ω0× ·· ·×ω0, andH(t,x) = ∑k H(t,xk), i.e. an

2 The product system is obtained by constructing an uncoupledsystem on(D2)n by repeating the equations
n times. The only coupling is in the boundary conditions as given by Condition (i) of Definition 3.2.
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uncoupled system with coupled boundary conditions. The functional fH is well-defined on
Ωn∩C1. The stationary, or critical closed braids, including singular braids, are denoted by

CritH(Ωn
) =

{
x ∈ Ωn∩C1 | dfH(x) = 0

}
.

Since the boundary conditions are given by Condition (i) in Definition 3.2, the first variation
of the action yields that the individual strands satisfy Equation (3.1). We can establish the
following property with respect to critical points offH on Ωn

.

LEMMA 3.5. The setCritH(Ωn
) is compact inΩn

. As a matter of factCritH(Ωn
) is compact

in the C2-topology.

PROOF. From Equation (3.1) we derive that|xk
t |= |∇H(t,xk)| ≤C, by the assumptions

on H. Since|xk| ≤ 1, for all k, we obtain the a priori estimate

‖x‖W1,∞ ≤C,

which holds for allx ∈ CritH(Ωn
). Via compact embeddings (Arzela-Ascoli) we have that

a sequencexn ∈ CritH converges inC0, along a subsequence, to a limitx ∈ Ωn
. Using

the equation we obtain the convergence inC1 andx satisfies the equation with the bound-
ary conditions given by Condition (i) of Definition 3.2. Thereforex ∈ CritH(Ωn

), thereby
establishing the compactness of CritH(Ωn

) in Ωn
. TheC2-convergence is achieved by dif-

ferentiating Equation (3.1) once. This concludes the compactness of CritH(Ωn
) in C2. �

REMARK 3.6. The critical braids in CritH(Ωn
) have one additional property that plays an

important role. For the strandsxk of x ∈ CritH(Ωn
) it holds that either|xk(t)| = 1, for all t,

or |xk(t)| < 1, for all t. This is a consequence of the uniqueness of solutions for theinitial
value problem for (3.1). We say that a braidx in supported in int(D2) if |xk(t)| < 1, for all t
and for allk.

In the same spirit, we can define the subset of stationary braids restricted to a braid
class[x], notation CritH([x]). Due to the fact that strands can coalesce, this space is not
necessarily compact inΩn

. By the same token, the union of all braid classes, i.e. CritH(Ωn),
is not necessarily compact and CritH(Ωn) ⊂ CritH(Ωn

). The following proposition gives a
refined compactness statement for set of stationary braids.Before stating this result let us
first explain the conjugacy classes of permutations of closed braids. LetIn = {1, . . . ,n},
andSn is the group of permutations onIn. A permutationσ′ ∈ Sl , for somel ≤ n, is said
to coarsena permutationσ ∈ Sn, if there exist disjoint setsAi ⊂ In, i = 1, . . . , l satisfying⋃

i Ai = In, such that
Aσ′(i) = σ(Ai)

def
=

{
σ(a) |a∈ Ai

}
,

for all i = 1, . . . , l . In terms of braids, the coarsening means that the strands ofone or more
components of the braid are identified.

PROPOSITION3.7. The compact spaceCritH(Ωn
) can be decomposed as follows:

CritH(Ωn
) =

n⋃

l=1

CritH(Ωl ).

Elements inCritH(Ωl ), l < n, can occur as limits of sequences inCritH(Ωn) when strands
are counted with multiplicity. The compactness inCritH(Ωn

) can, in view of the decompo-
sition above, be described as follows; let[x] be a braid class inΩn, then for any sequence
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{(xm,σm)} ⊂ CritH([x]), σm ∈ [σ], there exists a subsequence{(xmj ,σ′)} ⊂ CritH([x]) (i.e.
σ′ ∈ [σ]), and a braid(x̃, σ̃) ∈ CritH(Ωl ), for some l≤ n, such thatσ̃ coarsensσ′ with
respect to a decomposition{Ai} of In, and

xki
mj

C0

−→ x̃i , mj → ∞,

for all ki ∈ Ai and for all i = 1, . . . , l. For the action it holds that

fH(xmj ) −→
l

∑
i=1

|Ai| fH(x̃i), mj → ∞,

where|Ai| is the number of elements in Ai.

PROOF. Compactness follows from Lemma 3.5, and the uniqueness of the initial value
problem for Equation (3.1) implies that limits are necessarily closed braids, possibly with
strands coalescing. Simple inspection of limits reveals how closed braids may collapse and
how the action of the limits relates the action along a sequence. �

3.3. The Cauchy-Riemann equations
The matrixJ0 defines a compatible almost complex structure onD

2. In general, a
constant compatible almost complex structure onD

2 is a matrixJ : TxD
2 ∼= R

2 → TxD
2

satisfying
J2 = −Id,

and such that the quadratic formg(·, ·) = ω0(·,J·) defines a Riemannian metric, or inner
productg on R

2.
The set of constant compatible almost complex structures isdenoted byJ+, and it fol-

lows thatJ is a symplectic matrix (for the constructions in this paper we only needJ to be
constant matrix, i.e. independent oft or x). Indeed, let

J =

(
a b
c d

)
, then J2 =

(
a2 +bc b(a+d)
c(a+d) d2 +bc

)
=

(
−1 0
0 −1

)
,

which implies thatd = −a and det(J) = −a2−bc= 1. The set of all matricesJ for which
J2 = −Id is denoted by

J =

{
J =

(
a b
c −a

) ∣∣∣ a2 +bc= −1, a,b,c∈ R

}
,

which is a smooth 2-dimensional submanifold of Sp(2,R) with two connected components
J+ = {J∈ J | c> 0} andJ− = {J∈ J | c< 0}, of whichJ+ are the constant almost complex
structures. For instanceJ0 ∈ J+ corresponds to complex multiplication.

In terms of the standard inner product〈·, ·〉 the metricg is given byg(ξ,η) = 〈−J0Jξ,η〉,
where−J0J is positive definite symmetric matrix whenc > 0. With respect to the metric
g it holds thatJ∇gH = XH . The extended class of almost complex structures onD

2 is
not needed in the present work, but it may be exploited in future applications (e.g., when
considering the connection between Cauchy-Riemann equations and parabolic heat flows).

In order to study 1-periodic solutions of Equation (3.1) thevariational method due to
Floer and Gromov explores the perturbed (non-linear) Cauchy-Riemann equations

∂̄J,H(u)
def
= us+J

[
ut −XH(t,u)

]
= 0. (3.5)
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for functionsu : R×R → D
2. In the case of 1-periodic solutions we invoke the boundary

conditionsu(s, t + 1) = u(s, t). It is immediate that stationary solutions, i.e.u(s, t) = x(t),
are 1-periodic solutions of the Hamilton equations (3.1). The parameters in the equation
areH ∈ H, andJ ∈ J+. The latter yields another means of writing the Cauchy-Riemann
equations:

us+Jut + ∇gH(t,u) = 0, (3.6)

where∇gH = −JXH .
In order to find closed braids as critical points offH on Ωn

we invoke the Cauchy-
Riemann equations. The bounded ‘flowlines’ or solutions of the Cauchy-Riemann equa-
tions are used to devise a Morse type theory for critical points of fH in the spirit of Floer’s
construction [29]. A collection of C1-functionsu(s, t) = {uk(s, t)} is said to satisfy the
Cauchy-Riemann equations if its componentsuk satisfy Equation (3.5) for allk and the
boundary conditions int, given by Condition (i) of Definition 3.2, are satisfied for all s.
The Cauchy-Riemann equations for the collectionu can be given the structure of Cauchy-
Riemann equations in the symplectic product

(
(D2)n,ω0

)
, whereω0 = ω0×·· ·×ω0. For

a given almost complex matrixJ ∈ J+ the induced almost complex matrixJ ∈ Sp(2n,R) is
defined by the relation

g(·, ·) = ω0(·,J·),
whereg = g×·· ·×g. The equations

∂̄J,H(u) = us+Jut + ∇gH(t,u) = 0, (3.7)

are Cauchy-Riemann equations in
(
(D2)n,ω0

)
with almost complex matrixJ and Hamilton-

ianH(t,u) = ∑k H(t,uk). These form an uncoupled system ofn identical equations coupled
only via the boundary conditions of Definition 3.2. In Section 3.7 we show that for generic
HamiltoniansH the set of stationary solutions is non-degenerate. By embedding Equation
(3.7) into Hamiltonian perturbationsh on R/Z× (D2)n we can put the equations in gen-
eral position with respect to generic properties for connecting orbits, see Section 3.7. In
Floer’s original article [29] the Equations (3.7) are studied on ‘isolating neighborhoods’.
In the subsequent sections we adopt this philosophy by considering proper braid classes
as isolating neighborhoods. In this case the Equations (3.7) are put in general positions as
Cauchy-Riemann equations on(D2)n.

Define the set of entire solutions as

Fn
J,H =

{
u = {uk}n

k=1

∣∣∣ uk ∈C1(R× [0,1];D2), ∂̄J,H(u) = 0
}

.

We still need to incorporate the “periodicity” condition

{u1(1), . . . ,un(1)} = {u1(0), . . . ,un(0)} (3.8)

in our notion of solution. This requirement is fulfilled precisely by braidsu(s, ·) ∈ Ωn
for

all s. We therefore define the space of bounded solutions of (3.5) or (3.7) by

MJ,H = MJ,H (Ωn
) =

{
u ∈ Fn

J,H ,σ ∈ Sn
∣∣ (u(s, ·),σ) ∈ Ωn}

As before, we will drop the permutationσ from our notation. Note that solutions inMJ,H

extend toC1-functionsuk : R×R → D
2, by periodic extension int of u = {uk} (see (3.3)).

If there is no ambiguity about the dependence onJ andH we abbreviate notation by writing
F andM.
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Compactness

The following statement is in essence Floer’s compactness theorem adjusted to the
present situation. We will give a self-contained proof here.

PROPOSITION 3.8. The spaceMJ,H is compact in the topology of uniform convergence
on compact sets in(s, t) ∈ R

2, with derivatives up to order 1. Moreover,fH is uniformly
bounded along trajectoriesu ∈ M, and

lim
s→±∞

|fH(u(s, ·))| = |c±(u)| ≤C(J,H),

∫

R

∫ 1

0
|us|2gdtds=

n

∑
k=1

∫

R

∫ 1

0
|uk

s|2gdtds≤C′(J,H),

for all u ∈ MJ,H , and some constants c±(u), and C, C′ depending on J and H only.

PROOF. In this proof, the constantC changes from line to line. Define the operators

∂J =
∂
∂s

−J
∂
∂t

, ∂̄J =
∂
∂s

+J
∂
∂t

.

Equation (3.6) can now be written as

∂̄Juk = −∇gH(t,uk)
def
= f k(s, t), for all k.

By the hypotheses onH and the fact that|uk| ≤ 1 for all k we have thatf k(s, t) ∈ L∞(R2).
The latter follows from the fact that the solutionsuk can be regarded as functions onR

2 via
periodic extension int of the collectionu = {uk}. From the interior regularity estimates due
to Douglis and Nirenberg for elliptic systems [26], and in particular the operators∂J and∂̄J

we have the followingLp-estimates for functionsu∈Wk+1,p
0 (B1(0)), 1< p< ∞, and 0≤ k:

‖u‖Wk+1,p
0

≤C(p,J)‖∂Ju‖Wk,p, ‖u‖Wk+1,p
0

≤C(p,J)‖∂̄Ju‖Wk,p,

which also follow from the Calderon-Zygmund inequality forthe Laplacian∆ = ∂̄J∂J =
∂J∂̄J, see [35]. Using a partition of unity we derive the standard interiorregularity estimates
for the Cauchy-Riemann operator from the above interior estimates, e.g. [63]. Let K ⊂⊂
G⊂ R

2, with K,G compact domains, then

‖u‖W1,p(K) ≤C(p,J,K,G)
(
‖∂̄Ju‖Lp(G) +‖u‖Lp(G)

)
, (3.9)

for 1 < p < ∞. Indeed, letε < dist(K,∂G), then the compact setK can be covered by
balls Bε/2(x0) for finitely manyx0 ∈ K. Furthermore, let{ωε,x0}x0 be a partition of unity
of

⋃
x0

Bε/2(x0) ⊃ K subordinate to{Bε(x0)}x0. Recall that‖ f g‖Lp ≤ ‖ f‖L∞‖g‖Lp, which
yields the estimate

‖ωε,x0u‖W1,p ≤ C‖ωε,x0u‖W1,p
0

≤ C‖∂̄J(ωε,x0u)‖Lp

≤ C‖ωε,x0 ∂̄Ju‖Lp +C‖u∂̄Jωε,x0‖Lp

≤ C‖∂̄Ju‖Lp(G) +C‖u‖Lp(G).
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Since{ωε,x0}x0 is a partition of unity it follows that

‖u‖W1,p(K) =
∥∥∥∑

x0

ωε,x0u
∥∥∥

W1,p(K)
≤ ∑

x0

‖ωε,x0u‖W1,p(Bε(x0)),

which proves (3.9).
We apply these basic regularity estimates to the non-linearCauchy-Riemann equation

(3.5) to obtain a prirori estimates on the Hölder norm‖u‖C1,λ(R2). Define the nested sets

G j
T = [T − j,T + j +1]× [− j, j +1], j = 0,1,2.

Note thatT just represents a shift in the (periodic) variablet. Hence, althoughT is arbi-
trary, the estimates will be independent ofT. ChooseK = G1

T ⊂⊂ G2
T = G. It holds that

‖ f k‖Lp(G2
T) ≤C0(p,H), sincef k ∈ L∞. Similarly,‖uk‖Lp(G2

T) ≤C′
0(p) by the assumption that

|uk| ≤ 1. Therefore,

‖uk‖W1,p(G1
T) ≤ C(p,J)

(
‖∂̄Juk‖Lp(G2

T) +‖uk‖Lp(G2
T)

)

= C(p,J)
(
‖ f k‖Lp(G2

T) +‖uk‖Lp(G2
T)

)
≤C1(p,J,H) < ∞.

In order to further bootstrap the regularity of solutions weargue as follows. Recall that
‖ f g‖W1,p ≤C

(
‖ f‖W1,p‖g‖L∞ +‖g‖W1,p‖ f‖L∞

)
. As before, on ballsBε(x0) we obtain

‖ωε,x0u‖W2,p = ‖ωε,x0u‖W2,p
0

≤C‖∂̄J(ωε,x0u)‖W1,p

≤ C‖ωε,x0 ∂̄Ju‖W1,p +C‖u∂̄Jωε,x0‖W1,p

≤ C‖∂̄Ju‖L∞(G) +C‖∂̄Ju‖W1,p(G) +C‖u‖L∞(G) +C‖u‖W1,p(G).

Since{ωε,x0}x0 is a partition of unity we obtain the estimate

‖u‖W2,p(K) ≤C′(p,J,K,G)
(
‖∂̄Ju‖W1,p(G) +‖u‖W1,p(G) +‖∂̄Ju‖L∞(G) +‖u‖L∞(G)

)
,

for compact domainsK ⊂⊂G, and 1< p< ∞. Now chooseK = G0
T ⊂⊂G1

T = G. In order to
estimate the term‖∂̄Juk‖W1,p(G1

T) in the above inequality, observe that∂̄Juk = −∇gH(t,uk).

Then, by theW1,p-interior estimates, the components

gk
1(s, t)

def
= ∂s(−∇gH(t,uk)) = −dt,u∇gH(t,uk)(0,uk

s),

gk
2(s, t)

def
= ∂t(−∇gH(t,uk)) = −dt,u∇gH(t,uk)(1,uk

t ),

both lie in Lp(G1
T), and thus alsogk = (gk

1,g
k
2) lies in Lp(G1

T). From theW2,p-interior
estimates it then follows that

‖u‖W2,p(G0
T) ≤C′(p,J)

(
‖gk‖Lp(G1

T)

+‖uk‖W1,p(G1
T) +‖ f k‖L∞(G1

T) +‖u1‖L∞(G1
T)

)
≤C2(p,J,H) < ∞.

Additional regularity is obtained from the Sobolev embeddings [1, Theorem 4.12],
W2,p(G0

T) →C1,λ(G
0
T), for 0< λ ≤ 1−2/p. This yields the a priori estimate

‖u‖C1,λ(R2) ≤C′(J,H). (3.10)
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The estimate forR2 makes use of the following fact. From the Sobolev embedding we
derive that‖u‖C1,λ([T,T+1]×[d,d+1]) ≤C′(J,H), and thus‖u‖C1,λ(B1(z)) ≤C′(J,H), for anyz∈
R

2. For functionsψ we have that

sup
z,z′∈R2

|ψ(z)−ψ(z′)|
|z−z′|λ

= max

{
sup

|z−z′|≤1

|ψ(z)−ψ(z′)|
|z−z′|λ , sup

|z−z′|≥1

|ψ(z)−ψ(z′)|
|z−z′|λ

}

≤ sup
|z−z′|≤1

|ψ(z)−ψ(z′)|
|z−z′|λ +2 sup

z∈R2
|ψ(z)|.

Consequently,

‖u‖C1,λ(R2) ≤ ‖u‖C1,λ(B1(z)) +2‖∇u‖L∞(R×[0,1]) ≤ 3C′(J,H).

With these a priori estimates in place, we tackle the compactness assertion in the propo-
sition. Let un be a sequence inMJ,H . In view of the compactness of the embedding
C1,λ(R2) →֒ C1,λ′

(K), for any compact domainK ⊂ R
2, and 0≤ λ′ < λ, there exists a

subsequence, again denoted byun, and a function̂u ∈C1,λ′
, such that.

un −→ û, in C1,λ′
(K), as n→ ∞.

The limit function û satisfies the equation̄∂J,H(û) = 0 and the periodicity condition (3.8),
and thereforêu ∈MJ,H , which proves the compactness of the space of bounded trajectories
MJ,H .

Due to the a priori bound inC1,λ it holds for the actionfH that |fH(u(s, ·))| ≤C(J,H).
Since

d
ds

fH(u(s, ·)) = −
∫ 1

0
|us|2gdt ≤ 0,

it follows then that the limits lims→±∞ fH(u(s, ·)) = c± exist and are a priori bounded by the
sameC(J,H). Finally, for anyT1,T2 > 0

∫ T2

−T1

∫ 1

0
|us|2gdtds=

n

∑
k=1

∫ T2

−T1

∫ 1

0
|uk

s|2gdtds= fH(u(T2, ·))− fH(u(−T1, ·)).

By the uniform boundedness of the action along all orbitsu ∈ MJ,H we obtain the estimate
∫

R

∫ 1

0
|us|2gdtds≤C(J,H),

which completes our proof. �

REMARK 3.9. In the compactness proof in [63] a condition on the symplectic manifoldsM
is that ∫

S2
h∗ω0 = 0,

for any smooth mappingh : S2 → M. This property is used in the compactness proof for
more general symplectic manifoldsM. It implies that holomorphic mapsh : S2 → M must
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be constant due to the identity
∫

S2 h∗ω0 = 1
2

∫
S2 |∇h|2. This property is used in the blow-

up analysis to obtain a priori bounds on∇u. For comparison, ifM = D
2, we have that

ω0 = dα0, and thus by Stokes Theorem
∫

S2
h∗ω0 =

∫

S2
h∗dα0 =

∫

S2
d(h∗α0) = 0.

Therefore, the topological condition onD2 is automatically satisfied.

REMARK 3.10. If we reverse times 7→ −sand consider the conjugate action

f̄H(x) =

∫ 1

0
α0(xt(t))dt−

∫ 1

0
H(t,x(t))dt = − fH(x),

then the conjugate Cauchy-Riemann equations become

∂J,H(u) = us−Jut −∇gH(t,u) = 0,

which is again a negative gradient flow equation, i.e.d
ds f̄H(u(s, ·)) ≤ 0. We still assume

that J ∈ J+. All results discussed here also hold for the conjugate equation, except for an
occasional minus sign. We will point out these differences as we go along.

Additional compactness

Consider the non-autonomous Cauchy-Riemann equations

us+J(s)ut + ∇gH(s, t,u) = 0, (3.11)

wheres 7→ J(s) is a smooth path inJ+ ands 7→ H(s, ·, ·) is a smooth path inH. Assume that
|Hs| ≤ κ(s)→ 0 ass→±∞ uniformly in (t,x) ∈R/Z×D

2, with κ ∈ L1(R). Moreover, both
paths have the property that the limitss→ ±∞ exists. Choose the change of variableu =
Φ(s)v, where the paths 7→ Φ(s) in GL(2,R) satisfies the identityJ(s)Φ(s) = Φ(s)J0. Such
a smooth path in GL(2,R) can be chosen by solving the above matrix equation. Indeed, the
almost complex structureJ(s) is given by

J(s) =

(
a(s) b(s)
c(s) −a(s)

)
, with a2 +bc= −1.

The space of matricesA satisfying the above matrix equation is given by

Φ =

(
λa(s)+µ −λ+µa(s)

λc(s) µc(s)

)
, λ,µ∈ R,

and det(Φ) =
(
λ2 +µ2

)
c(s). By choosingλ and µ constant we obtain a paths 7→ Φ(s)

with det(Φ(s)) > 0, sinceJ(s) is a path inJ+ and thereforec(s) > 0. The positivity of
det(Φ(s)) will be used in Section 3.4. As matter of fact, sinceJ(s) has limits it holds that
0 < c− ≤ c(s) ≤ c+, and the functionsb(s) anda(s) are bounded as well.

The Cauchy-Riemann equations now transform to

vs+J0vt −Φ−1(s)JJ0(Φ−1(s))T ∇Ĥ(s, t,v) = 0,

whereĤ(s, t,v) = H(s, t,Φ(s)v). This equation is again of the form̄∂J0v = f (s, t). In the
new coordinatesv is again a priori bounded inL∞ and the compactness for Equation (3.11)
follows from Proposition 3.8, using the bounds ona(s), b(s) andc(s). DefinefH(s,x) as the
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action with HamiltonianH(s, ·, ·). The first variation with respect tos can be computed as
in Section 3.1:

d
ds

fH(s,u(s, ·)) =
∂fH

∂s
+

n

∑
k=1

∫ 1

0
ω0

(
uk

t −XH(t,uk),uk
s

)
dt

=
∂fH

∂s
−

n

∑
k=1

∫ 1

0
|uk

t −XH(t,uk)|2gdt

=
∂fH

∂s
−

∫ 1

0
|us|2gdt.

The partial derivative with respect tos is given by

∂fH

∂s
=

n

∑
k=1

∫ 1

0

∂H
∂s

(
s, t,uk(s, t)

)
dt,

and
∣∣∣∂fH

∂s

∣∣∣ ≤ Cκ(s) → 0 as s → ±∞. For a non-stationary solutionu it holds that
∫ 1

0 |us|2gdt > 0, and thus for|s| sufficiently large d
dsfH(s,u(s, ·)) < 0 which proves that

the limits lims→±∞ fH(s,u(s, ·)) = c± exist. Sinceκ ∈ L1(R) we also obtain the integral∫
R

∫ 1
0 |us|2gdtds≤C(J,H).
This non-autonomous version of the Cauchy-Riemann equations will be used in Section

3.8 to establish continuation for Floer homology.

3.4. Crossing numbers and a priori estimates
We start with an important property of the Cauchy-Riemann equations in dimension

two. We consider Equation (3.5), or more generally Equation(3.6), and local solutions of
the formu : G⊂ R

2 →R
2, whereG= [σ,σ′]× [τ,τ′]. For two local solutionsu,u′ : G→R

2

of (3.5) assume that
u(s, t) 6= u′(s, t), for all (s, t) ∈ ∂G.

Intersections ofu andu′, i.e. u(s0, t0) = u′(s0, t0) for some(s0, t0) ∈ G, have special proper-
ties. Consider the difference functionw(s, t) = u(s, t)−u′(s, t), then by the assumptions on
u andu′ we have thatw|∂G 6= 0, and intersections are given byw(s0, t0) = 0. The following
lemma is a special property of Cauchy-Riemann equations in dimension two.

LEMMA 3.11. Let u,u′ and G be as defined above. Assume that w(s0, t0) = 0 for some
(s0, t0) ∈ G, then(s0, t0) is an isolated zero and

deg(w,G,0) > 0.

PROOF. We start with deriving an equation forw. SinceH is C2 we can use Taylor
expansions as follows:

∇gH(t,u′) = ∇gH(t,u)+R1(t,u,u′−u)(u′−u),

whereR1 is a continuous function of its arguments. Upon substitution this gives

ws+J(s)wt +A(s, t)w = 0, w(s0, t0) = 0,

whereA(s, t) = R1(t,u,−w). The functionA(s, t) is continuous onG.
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Define complex coordinatesz= s− s0 + i(t − t0). Then by [40, Appendix A.6], there
exists aδ < 0, sufficiently small, a discDδ = {z | |z| ≤ δ}, a holomorphic maph : Dδ → C,
and a continuous mappingΦ : Dδ → GLR(C) such that

det Φ(z) > 0, J(z)Φ(z) = Φ(z)i, w(z) = Φ(z)h(z),

for all z∈ Dδ. Clearly,Φ can be represented by a real 2× 2 matrix function of invertible
matrices.

Sincew = Φh, it holds that the conditionw(z0) = 0 implies thath(z0) = 0. The analyt-
icity of h then implies that eitherz0 is an isolated zero inDδ, or h≡ 0 onDδ. If the latter
holds, then alsow≡ 0 onDδ. If we repeat the above arguments we conclude thatw≡ 0 on
G (compare analytic continuation), which is a contradictionwith the boundary conditions.
Therefore, all zeroes ofw in G are isolated, and there are finitely many zeroeszi ∈ int(G).

For the degree we have that, since detΦ(z) > 0,

deg(w,G,0) =
m

∑
i=1

deg(w,Bεi (zi),0) =
m

∑
i=1

deg(h,Bεi (zi),0),

and for an analytic function with an isolated zerozi it holds that deg(h,Bεi (zi),0) = ni ≥ 1,
and thus deg(w,G,0) > 0. �

For a curveΓ : I → R
2 \ {(0,0)}, with I a bounded interval, we define the winding

number about the origin by3

W(Γ,0)
def
=

1
2π

∫

I
Γ∗α =

1
2π

∫

Γ
α,

whereα = −qdp+pdq
p2+q2 is a closed 1-form onR2 \{(0,0)}. In particular, for curvesw(s, ·) :

[τ,τ′] → R
2\{(0,0)}, s= σ,σ′ we have the winding number

W(w(s, ·),0)
def
=

1
2π

∫

[τ,τ′]
w∗α =

1
2π

∫

w
α, for s= σ,σ′.

We denote these winding numbers byW[τ,τ′]
σ (w) andW[τ,τ′]

σ′ (w) respectively. In the case that

[τ,τ′] = [0,1] we simply writeWσ(w)
def
= W[0,1]

σ (w). Similarly, we have winding numbers

for the curvesw(·, t) : [σ,σ′] → R
2\{(0,0)}, t = τ,τ′, which we denote byW[σ,σ′]

τ (w) and

W[σ,σ′]
τ′ (w) respectively. The following lemma gives a relation betweenthese (local) winding

numbers and degree of the mapw : G→ R
2.

LEMMA 3.12. Let u,u′ : G→ R
2 be local solutions of Equation(3.5), with w|∂G 6= 0. Then

[
W[τ,τ′]

σ′ (w)−W[τ,τ′]
σ (w)

]
−

[
W[σ,σ′]

τ′ (w)−W[σ,σ′]
τ (w)

]
= deg(w,G,0). (3.12)

In particular, for each zero(s0, t0) ∈ int(G), there exists anε0 > 0 such that

W[τ,τ′]
s0+ε (w)−W[τ,τ′]

s0−ε (w) > W[s0−ε,s0+ε]
τ′ (w)−W[s0−ε,s0+ε]

τ (w),

3For closed curvesΓ ∈ C\{0} we have that 1
2πi

∮
Γ

1
zdz= 1

2π
∫

Γ α. For a general pathΓ, with starting point
P and end pointQ, we have

1
2πi

∫

Γ

1
z

dz+
1

2πi
log

( |P|
|Q|

)
=

1
2π

∫

Γ
α.
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Figure 3.2: The contour aroundG.

for all 0 < ε ≤ ε0.

PROOF. We abuse notation by regardingw as a map from the complex plane to itself.
Let the contourγ = ∂G be positively oriented, see Figure 3.2. The winding number of the
contourw(γ) about 0∈ C in complex notation is given by

W(w(γ),0) =
1

2πi

∮

w(γ)

dz
z

= deg(w,G,0),

which is equal to the degree ofw : G→ R
2 with respect to the value 0. Using the special

form of the contourγ we can write out the the Cauchy integral using the 1-formα:

1
2πi

∮

w(γ)

dz
z

=
1
2π

∫

w(σ′,·)
α− 1

2π

∫

w(·,τ′)
α− 1

2π

∫

w(σ,·)
α+

1
2π

∫

w(·,τ)
α

=
[
W[τ,τ′]

σ′ (w)−W[τ,τ′]
σ (w)

]
−

[
W[σ,σ′]

τ′ (w)−W[σ,σ′]
τ (w)

]
,

which proves the first statement.
As for the second statement we argue as follows. Lemma 3.11 states that all zeroes

of w are isolated and have positive degree. Therefore, there exists anε0 > 0 such that
Gε = [s0 − ε,s0 + ε]× [τ,τ′] contains no zeroes on the boundary, for all 0< ε ≤ ε0, from
which the second statement follows. �

On the level of comparing two local solutions of Equation (3.5) the winding number
behaves like a discrete Lyapunov function with respect to the time variables. This can be
further formalized for solutions of Cauchy-Riemann onΩn

. For a closed braidx ∈ Ωn,
define the total crossing number

Cross(x)
def
= ∑

k,k′
W

(
xk−xk′ ,0

)
= 2 ∑

{k,k′}
k6=k′

W
(
xk−xk′ ,0

)
,

where the second sum is over all unordered pairs{k,k′}, using the fact that the winding
number is invariant under the inversion(p,q) → (−p,−q). The number Cross(x) is equal
to the total linking/self-linking number of all componentsin a closed braidx. The local
winding number as introduced above is not necessarily an integer. However, for closed
curves the winding number is integer valued. We claim that the number Cross(x) as defined
above is also an integer. One way to interpret Cross is via associated braid diagrams. One



3.4 CROSSING NUMBERS AND A PRIORI ESTIMATES 77

− +

t

Figure 3.3: The time direction and the convention for negative and positive crossings.

can always projectx onto a plane by projecting the coordinates(p,q) onto a lineL ⊂ R
2

and counting the number positive and negative crossings.

LEMMA 3.13. The numberCross(x) is an integer, and

Cross(x) = # positive crossings−# negative crossings

The (braid) crossing number is an invariant for a braid class, i.e. Cross(x) = Cross(x′) for
all x,x′ ∈ [x].

PROOF. The expression for Cross(x) is twice the sum of

(
n
2

)
local winding num-

bers. On the unordered pairs{k,k′} there the exists the following equivalence relation.
Two pairs{k,k′} and {h,h′} are equivalent if for some integerd ≥ 0, {xk(d),xk′(d)} =

{xh(0),xh′(0)} as unordered pairs. The equivalence classes of unordered pairs {k,k′} are
denoted byπ j and the number of elements inπ j is denoted by|π j |, see Figure 3.4. For each
classπ j definewπ j = xk − xk′ , for some representative{k,k′} ∈ π j . For t ∈ [0,2|π j |], the
functionswπ j (t) represent closed loops inR2 regardless of the choice of the representative

{k,k′} ∈ π j . Namely, note that{xk(|π j |),xk′(|π j |)} = {xk(0),xk′(0)} as unordered pairs,
which imlies that

xk(|π j |) = xk(0) or xk(|π j |) = xk′(0). (3.13)

For the crossing number we have

Cross(x) = 2∑
j

(
∑

{k,k′}∈π j

W
(
xk−xk′ ,0

))
= 2∑

j
W[0,|π j |](wπ j ,0) = ∑

j
W[0,|2π j |](wπ j ,0),

(3.14)
where the (outer) sum is over all equivalence classesπ j . For the final equality we have used
(3.13) and the invariance of the winding number under the inversionw → −w. Since the
latter winding numbers are winding numbers for closed loopsabout 0 (linking numbers),
they are all integers, and thus Cross(x) is an integer.

As for the expression in terms of positive and negative crossings we argue as follows.
Upon inspectionW

(
xk − xk′ ,0

)
equals all positive minus negative crossings between the

two strands, see Figure 3.4. The invariance of Cross(x) with respect to[x] follows from the
homotopy invariance of the winding number. �

Using the representation of the crossing number for a braid in terms of winding num-
bers, we can prove a Lyapunov property. Before stating the result, we introduce theconju-
gatecrossing number as

Cross∗(x) = −Cross(x),
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1 3 42
(1,2)

(2,3)

(4,1)

(3,4)t

1 2

1 2

1 4

43

3

Figure 3.4: In this example the equivalence classes areπ1 = {(1,2),(4,1),(3,4),(2,3)} and
π2 = {(1,3),(4,2)}.

which will be shown to be adecreasingLyapunov function for the Cauchy-Riemann flow.
Note that elementsu of M are not necessarily inΩn for all s. Therefore Cross∗(u(s, ·)) is
only well-defined wheneveru(s, ·) ∈ Ωn.

PROPOSITION 3.14. Let u ∈ M, thenCross∗(u(s, ·)), where defined, is a non-increasing
function as s→ ∞. To be more precise, if uk(s0, t0) = uk′(s0, t0) for some(s0, t0) ∈ R×R/Z,
and k 6= k′, then either there exists anε0 > 0 such that

Cross∗(u(s0− ε, ·)) > Cross∗(u(s0 + ε, ·)),

for all 0 < ε ≤ ε0, or uk ≡ uk′ .

PROOF. Let u = {uk} ∈ M, then Cross(u(s, ·)) is well-defined for alls∈ R for which
u(s, ·) ∈ Ωn. As in the proof of Lemma 3.13 we definewπ j (s, t) = uk(s, t)− uk′(s, t) for
some representative{k,k′} ∈ π j . From the proof of Lemma 3.11 we know that(s0, t0)
is either isolated, oruk ≡ uk′ . In the case that(s0, t0) is an isolated zero there exists an
ε0 > 0, such that(s0, t0) is the only zero in[s0− ε,s0+ ε]× [t0− ε, t0+ ε], for all 0< ε ≤ ε0.
By periodicity it holds thatwπ j (s, t + |π j |) = wπ j (s, t), for all (s, t) ∈ R

2, and therefore

W[σ,σ′]
t0−ε+|π j |(wπ j ) = W[σ,σ′]

t0−ε (wπ j ), for anyσ < σ′. From Lemma 3.12 it then follows that

W
[t0−ε,t0−ε+|π j |]
s0+ε (wπ j ) > W

[t0−ε,t0−ε+|π j |]
s0−ε (wπ j ),

and since these terms make up the expression for Cross∗(u(s, ·)) in Equation (3.14), we
obtain the desired inequality. �

From Lemma 3.12 we can also derive the following a priori estimate for solutions of
the Cauchy-Riemann equations.

PROPOSITION3.15. Let u: G→ D
2 be a local solution of Equation(3.5), then either

|u(s, t)| = 1, or |u(s, t)| < 1,
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for all (s, t) ∈ G. In particular, solutionsu∈M have the property that components uk either
lie entirely on∂D

2, or entirely in the interior ofD2.

PROOF. By the hypotheses (h3) the boundary of the disc is invariantfor XH , and thus
consists of a solutionsx(t), with |x(t)| = 1. Assume thatu(s0, t0) = x(t0) for some(s0, t0)
and some boundary trajectoryx(t). For convenience, we writeu′(s, t) = x(t), and we con-
sider the differencew(s, t) = u′(s, t)− u(s, t) = x(t)− u(s, t). By the arguments presented
in the proof of Lemma 3.11, we know that either all zeroes ofw are isolated, orw≡ 0. In
the latter caseu≡ x, hence|u(s, t)| ≡ 1. We consider the remaining possibility, namely that
(s0, t0) is an isolated zero ofw, and we show that it leads to a contradiction.

We can choose a rectangleG = [σ,σ′]× [τ,τ′] containing(s0, t0), such thatw|∂G 6= 0.
From Lemma 3.12 we have that, withγ = ∂G positively oriented,

W(w(γ),0) = deg(w,G,0) ≥ 1.

The latter is due to the assumption thatG contains a zero. Consider on the other hand the
loopsu(γ) andu′(γ). By assumption

|(u′−w)(γ)| = |u(γ)| < |u′(γ)| = 1.

If we now apply the ‘Dog-on-a-Leash’ Lemma4 from the theory of winding numbers, we
conclude that

1≤W(w(γ),0) = W(u′(γ),0) = 0,

which contradicts the assumption thatu touches∂D
2. Hence|u(s, t)| < 1 for all (s, t). �

As a consequence of this proposition we have following result for connecting orbit
spaces. Forx± ∈ Crit(Ωn

), define

Mx−,x+ =
{

u ∈ M | lim
s→±∞

u(s, ·) = x±
}
.

COROLLARY 3.16. For u ∈ Mx−,x+ , with |x±| < 1, it holds that

|u(s, t)| < 1,

for all (s, t) ∈ R×R/Z.

This is an isolating property of the connecting orbit spacesthat plays an important role
later on in the definition of Floer homology.

REMARK 3.17. To get a sense for the evolution of the (conjugate) crossing number, consider
the linear Cauchy-Riemann equations,

us+ iut +2πu = 0,

where we identifyu with p+ iq∈C. Consider the solutionsu1(s, t) = e−2πsz0+e2πit , z0 6= 0,
and u2 ≡ 0, and the braidu = {u1,u2}. Then the conjugate crossing number Cross∗(u)
decreases from 0 ass→ −∞ to −2 ass→ ∞. Similarly, for the solutionu1 = e−4πs−2πit

andu2 = e2πs+4πit we have that Cross∗(u) is decreasing from 2 to−4. Finally, whenu1 =
e−πs+πit andu2 = −e−πs+πit , then Cross∗(u) = −1 for all s.

4The ‘Dog-on-a-Leash’ Lemma [32] can be viewed as an extension Rouché’s theorem in the analytic case,
and states that if two closed pathsΓ(t) — dog — andΓ′(t) — walker — in R2, parameterized overt ∈ I ,
have the property|Γ′(t)−Γ(t)| < |Γ′(t)−P| — leash is shorter then the walkers distance to the poleP — then
W(Γ,P) = W(Γ′,P). Here we setP = (0,0), Γ = (u′−u)(γ) = w(γ), andΓ′ = u′(γ).
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3.5. Relative braids
Given two braidsx ∈ Ωn, y ∈ Ωm, one can define their unionx∪y ∈ Ωn+m

, as the union
of all strands inx andy. If the collection of all strandsx∪ y = {xk}∪ {yℓ} satisfies the
conditions in Definition 3.2, thenx∪ y ∈ Ωn+m andx∪ y is a braid. The crossing number
Cross(x∪y) counts all crossings between strands inx, strands iny, and crossings between
strands inx andy.

The reason to consider braids with a split into two sub-braids is dictated by the appli-
cation to the Hamilton equations Equation (3.1). One can think of y as a stationary braid of
(3.1), i.e. these strandsy are periodic solutions of the Hamilton equations. Now we tryto
find new solutionsx that are weaved throughy in a certain way. Question: Cany, called a
skeleton, force additional solutions? This leads us to the followingdefinitions.

Relative braid classes and components

Consider the space

Ωn,m =
{
(x,y) ∈ Ωn×Ωm | x∪y ∈ Ωn+m}

.

In particular, for(x,y)∈Ωn,m it holds thatx∈Ωn andy∈Ωm. OnΩn,m define the projection

π : Ωn,m → Ωm, (x,y) 7→ y.

The projectionπ is surjective.

DEFINITION 3.18. The path connected components ofΩn,m are calledrelative braid classes
and are denoted byJx rel yK. The elements(x,y) in Jx rel yK are called relative braids and
are usually denoted byx rel y. For a giveny′ ∈ π

(
Jx rel yK

)
, the fiber

[x′] rel y′ = π−1|Jx rel yK(y
′)

is called arelative braid class with fixed skeletony′. The fibers[x] rel y are not necessarily
path connected. For any giveny ∈ Ωm, the fiberπ−1(y) = Ωn rel y denotes the space of
relative braid classes with fixed skeletony.

Relative braid classes have the property that two relative braids x rel y,x′ rel y ∈
Jx rel yK lie in the same[x] rel y if they lie in the same path component in[x] rel y, but also,
more generally, if there exists a continuous path(x(s),y(s)) in Jx rel yK, for all s∈ [0,1],
andx(0) rel y(0) = x rel y andx(1) rel y(1) = x′ rel y.

This can also be characterized in terms of the invariants Cross(x), Cross(y), and
Cross(x∪y). A fourth dependent invariant can added to the list:

Cross(x,y) = Cross(x∪y)−Cross(x)−Cross(y),

and is called therelative crossing number.
For the purpose of defining invariants forJx rel yK we need to understand the closure of

fiber Ωn rel y. As before this is achieved by allowing braidsx∪y which do not necessarily
satisfy Condition (ii) of Definition 3.2, and the closure is denoted byΩn

rel y. The singular
braids are

Σn rel y = Ωn
rel y\Ωn rel y,
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x

y

π

y′y′′

[x] rel y′′

[x] rel y′

[x rel y]

Figure 3.5: The relative braid classes[x] rel y andJx rel yK.

and in particular contain the setΣn. The condition thatx∪ y is a braid, puts additional
restriction onΩn, so thatΩn rel y can be regarded as ‘putting up’ additional walls (the set
Σn rel y\Σn). The collapsed relative braids can be defined as

Σn
− rel y def

= Σn+m
− ∩

(
Σn rel y

)
,

which are singular braids for whichxk(t) ≡ xk′(t), k 6= k′, or xk(t) ≡ yℓ(t), for all t ∈ [0,1].
This leads to the following essential definition.

DEFINITION 3.19. A relative braid classJx rel yK is calledproper if

(i) for any x′ rel y ∈ cl
(
[x] rel y

)
it holds that|xk(t)| 6≡ 1 for any strand;

(ii) cl
(
[x] rel y

)
∩

(
Σn
− rel y

)
= ∅,

for anyy ∈ π
(
Jx rel yK

)
supported in int(D2). The ‘closure’ is with respect to the topology

described in Definition 3.2. A relative braidx rel y in a proper braid class is called a proper
braid.

An intuitive way of looking at this definition is that a braid class is proper when strands
in x cannotcollapse on each other,nor on strands ofy, nor on the boundaryD2× [0,1].
Moreover, this has to be the case forany fiber in Jx rel yK. Note that braid classes[x] are
never proper.

Isolation for proper relative braid classes

For proper braid classes[x] rel y introduced in the previous section, the Cauchy-
Riemann equations have special properties. The most important property is that proper
braid classes ‘isolate’ the set of bounded solutions of Cauchy-Riemann inside a relative
braid class. Before stating the main result of this section,let us first introduce some nota-
tion. Following Floer [29] we define the set of bounded solutions inside a proper relative
braid class[x] rel y:

M
(
[x] rel y

) def
=

{
u ∈ M(Ωn

) | u(s, ·) ∈ [x] rel y, ∀ s∈ R

}
.
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We are also interested in the paths traversed (as a function of s) by these bounded solutions
in phase space, hence we define, since the Cauchy-Riemann equations (3.5) are autonomous
when seen as a flow ins,

S
(
[x] rel y

) def
=

{
x = u(0, ·) | u ∈ M

(
[x] rel y

)}
.

If there is no ambiguity about the relative braid class we simply write S. We recall that
M carries theC1

loc(R× [0,1];D2)n topology, whileS is endowed with theC1([0,1],D2)n

topology.

PROPOSITION 3.20. For any proper relative braid class[x] rel y the setM
(
[x] rel y

)
is

compact, andS is a compact isolated set in[x] rel y, i.e. (i) |u(s, t)| < 1, for all s, t and (ii)
u(s, ·)∩Σn rel y = ∅, for all s.

PROOF. The setM
(
[x] rel y

)
is contained in the compact setM(Ωn

) (Proposition 3.8).
Let {um} ⊂ M

(
[x] rel y

)
be a sequence, then for any compact intervalI , the limit u =

limm′→∞ um′ lies in M(Ωn
) and has the property thatu(s, ·) ∈ cl

(
[x] rel y

)
, for all s∈ I . We

will show now thatu(s, ·) is in the relative braid class[x] rel y, by eliminating the possible
boundary behaviors.

If |uk(s0, t0)| = 1, for some(s0, t0), andk, then Proposition 3.15 implies that|uk| ≡ 1,
hence|uk

m′ | → 1 asm′ → ∞ uniformly on compact sets in(s, t). This contradicts the fact that
[x] rel y is proper, and therefore the limit satisfies|u| < 1.

If uk(s0, t0) = uk′(s0, t0) for some(s0, t0) and some pair{k,k′}, then by Proposition 3.14
either Cross∗(u(s0 − ε, ·)) > Cross∗(u(s0 + ε, ·)), for some 0< ε ≤ ε0, or uk ≡ uk′ . The
former case will be dealt with a little later, while in the latter caseu∈ Σn

− rel y, contradicting
thatx rel y is proper as before.

If uk(s0, t0) = yℓ(t0) for some(s0, t0) andk andyℓ ∈ y, then by Proposition 3.14 either
Cross∗(u(s0− ε, ·)∪ y) > Cross∗(u(s0 + ε, ·)∪ y), for some 0< ε ≤ ε0, or uk ≡ yℓ. Again,
the former case will be dealt with below, while in the latter caseu ∈ Σn

− rel y, contradicting
thatx rel y is proper.

Finally, the two statements about the conjugate crossing numbers imply that bothu(s0−
ε, ·),u(s0 + ε, ·) ∈ Ωn rel y, and thusu(s0− ε, ·),u(s0 + ε, ·) ∈ [x] rel y. On the other hand,
since at least one crossing number ats0−ε has strictly decreased ats0+ε, the braidsu(s0−
ε, ·) andu(s0+ ε, ·) cannot belong to the same relative braid class, which is a contradiction.
As a consequenceu(s, ·) rel y∈ [x] rel y for all s, which proves thatM

(
[x] rel y

)
is compact,

and therefore alsoS ⊂ [x] rel y is compact. �

3.6. The Maslov index for braids and Fredholm theory
The actionfH defined onΩn

has the property that stationary braids have a doubly un-
bounded spectrum, i.e., if we consider thed2fH(x) at a stationary braidx, thend2fH(x)
is a self-adjoint operator whose (real) spectrum consists of isolated eigenvalues and is not
bounded from above nor below. The classical Morse index for stationary braids is therefore
not well-defined. The theory of the Maslov index for Lagrangian subspaces can be used
to replace the classical Morse index [29, 61, 60]; in combination with Fredholm theory the
Maslov index will play the same role the Morse index.
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The Maslov index

Let (E,ω) be a (real) symplectic vector space of dimension dimE = 2n, with compat-
ible almost complex structureJ ∈ Sp+(E,ω). An n-dimensional subspaceV ⊂ E is called
Lagrangian if ω(v,v′) = 0 for all v,v′ ∈ V. Denote the space of Lagrangian subspaces of
(E,ω) by L(E,ω), or L for short.

LEMMA 3.21. A subspace V⊂E is Lagrangian if and only if V= range(X) for some linear
map X: W → E of rank n and some n-dimensional (real) vector space W, withX satisfying

XTJX = 0, (3.15)

where the transpose is defined via the inner product〈·, ·〉 def
= ω(·,J·).

PROOF. Let V = [v1, · · · ,vn] which yields a mapX : R
n → E of rank n such thatV =

X(Rn). This establishes that anyn-dimensional subspace is of the formX(W). Let V =
X(W) and supposeV is Lagrangian. Thenω

(
Xw,Xw′) = 0 for all w,w′ ∈W. It holds that

ω
(
Xw,Xw′) =

〈
Xw,−JXw′〉 =

〈
w,−XTJX w′〉 = 0, ∀w,w′ ∈W,

which implies thatXTJX = 0.
Conversely, ifX : W → E is given and satisfiesXTJX = 0 then

〈
w,−XTJX w′〉 = 0 for

all w,w′ ∈W andV = X(W) is Lagrangian by retracing the steps above. �

The mapX is called aLagrangian framefor V. If we restrict to the special case(E,ω) =
(R2n,ω0), with standardJ0 ∈ J+, then for a pointx in R

2n one can choose symplectic
coordinatesx = (p1, · · · , pn,q1, · · · ,qn) and the standard symplectic form is given byω0 =
dp1∧dq1+ · · ·+dpn∧dqn, see Section 3.3. In this case a subspaceV ⊂ R

2n is Lagrangian

if X =

(
P
Q

)
, with P,Q n× n matrices satisfyingPTQ = QTP, andX has rankn. The

condition onP andQ follows immediately from Equation (3.15).
For any fixedV ∈ L, the spaceL can be decomposed in strataΞk(V):

L =
n⋃

k=0

Ξk(V).

The strataΞk(V) of Lagrangian subspacesV ′ which intersectV in a subspace of dimensionk
are submanifolds of co-dimensionk(k+1)/2. TheMaslov cycleis defined as

Ξ(V) =
n⋃

k=1

Ξk(V).

Let Λ(t) be a smooth curve of Lagrangian subspaces andX(t) a smooth Lagrangian frame
for Λ(t). A crossing is a numbert0 such thatΛ(t0) ∈ Ξ(V), i.e.,X(t0)w = v∈V, for some
w ∈ W, v ∈ V. For a curveΛ : [a,b] → L, the set of crossings in compact, and for each
crossingt0 ∈ [a,b] we can define the crossing form onΛ(t0)∩V:

Γ(Λ,V, t0)(v)
def
= ω

(
X(t0)w,X′(t0)w

)
.

A crossingt0 is called regular ifΓ is a nondegenerate form. IfΛ : [a,b] →L is a Lagrangian
curve that has only regular crossings then theMaslov indexof the pair(Λ,V) is defined by

µ(Λ,V) =
1
2

signΓ(Λ,V,a)+ ∑
a<t0<b

signΓ(Λ,V, t0)+
1
2

signΓ(Λ,V,b),
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whereΓ(Λ,V,a) andΓ(Λ,V,b) are zero whena or b are not crossings. The notation ‘sign’ is
the signature of a quadratic form, i.e. the number of positive minus the number of negative
eigenvalues and the sum is over the crossingst0 ∈ (a,b). Since the Maslov index is homo-
topy invariant and every path is homotopic to a regular path the above definition extends
to arbitrary continuous Lagrangian paths, using property (iii) below. In the special case of
(R2n,ω0) we have that

Γ(Λ,V, t0)(v) = ω0
(
X(t0)w,X′(t0)w

)

= 〈P(t0)w,Q′(t0)w〉− 〈P′(t0)w,Q(t0)w〉.
A list of properties of the Maslov index can be found (and is proved) in [60], of which we
mention the most important ones:

(i) for any Ψ ∈ Sp(E), µ(ΨΛ,ΨV) = µ(Λ,V);5

(ii) for Ψ : [a,b] → L it holds thatµ(Λ,V) = µ(Λ|[a,c],V)+µ(Λ|[c,b],V), for anya < c < b;
(iii) two paths Λ0,Λ1 : [a,b] → L with the same end points are homotopic if and only if

µ(Λ0,V) = µ(Λ1,V);
(iv) for any pathΛ : [a,b] → Ξk(V) it holds thatµ(Λ,V) = 0.

The same can be carried out for pairs of Lagrangian curvesΛ,Λ† : [a,b] → L. The
crossing form onΛ(t0)∩Λ†(t0) is then given by

Γ(Λ,Λ†, t0)
def
= Γ(Λ,Λ†(t0), t0)−Γ(Λ†,Λ(t0), t0).

For pairs(Λ,Λ†) with only regular crossings the Maslov indexµ(Λ,Λ†) is defined in the
same way as above using the crossing form for Lagrangian pairs. By settingΛ†(t) ≡ V
we retrieve the previous case, andΛ(t) ≡ V yields Γ(V,Λ†, t0) = −Γ(Λ†,V, t0). Consider
the symplectic space(E,ω) = (E×E,(−ω)×ω), with almost complex structure(−J)×J.
A crossingΛ(t0)∩Λ†(t0) 6= ∅ is equivalent to a crossing(Λ×Λ†)(t0) ∈ Ξ(∆), where∆ ⊂E
is the diagonal Lagrangian plane, andΛ×Λ† a Lagragian curve inE, which follows from

Equation (3.15) using the Lagrangian frameX(t) =

(
X(t)
X†(t)

)
. Let v = (v,v) = X(t0)w,

then

Γ(Λ×Λ†,∆, t0)(v) = ω
(
X(t0)w,X′(t0)w

)

= −ω
(
X(t0)w,X′(t0)w

)
+ ω

(
X†(t0)w,X†′(t0)w

)

= −Γ(Λ,Λ†(t0), t0)(v)+ Γ(Λ†,Λ(t0), t0)(v).

This justifies the identity
µ(Λ,Λ†) = µ(∆,Λ×Λ†). (3.16)

Equation (3.16) is used to define the Maslov index for continuous pairs of Lagrangian
curves, and is a special case of the more general formula below. Let Ψ : [a,b] → Sp(E)
be a symplectic curve, then

µ(ΨΛ,Λ†) = µ(gr(Ψ),Λ×Λ†), (3.17)

where gr(Ψ) = {(x,Ψx) | x ∈ E} is the graph ofΨ. The curve gr(Ψ)(t) is a Lagrangian

curve in(E,ω) andXΨ(t) =

(
Id

Ψ(t)

)
is a Lagrangian frame for gr(Ψ). Indeed, via (3.15)

5This property shows that we can assumeE to be the standard symplectic space without loss of generality.
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we have
(

Id ΨT(t)
)(

−J 0
0 J

)(
Id

Ψ(t)

)
= ΨT(t)JΨ(t)−J = 0,

which proves that gr(Ψ)(t) is a Lagrangian curve inE. Via E×E the crossing form is given
by

Γ
(
gr(Ψ),Λ×Λ†, t0

)
= Γ

(
gr(Ψ),(Λ×Λ†)(t0), t0

)
−Γ

(
Λ×Λ†,gr(Ψ)(t0), t0

)
.

and upon inspection consists of the three terms making up thecrossing form of(ΨΛ,Λ†) in
E. More specifically, letξ = XΨ(t0)ξ0 = X(t0)η0 = η, so thatΨXη0 = Ψξ0 = X†η0, which
yields

Γ
(
gr(Ψ),(Λ×Λ†)(t0), t0

)
(ξ) = ω(Ψ(t0)ξ0,Ψ′(t0)ξ0)

= ω(Ψ(t0)X(t0)η0,Ψ′(t0)X(t0)η0),

and

Γ
(
Λ×Λ†,gr(Ψ)(t0), t0

)
(η)

= −ω
(
X(t0)η0,X

′(t0)η0
)
+ ω

(
X†(t0)η0,X

†′(t0)η0
)

= −ω
(
Ψ(t0)X(t0)η0,Ψ(t0)X

′(t0)η0
)
+ ω

(
X†(t0)η0,X

†′(t0)η0
)

which proves Equation (3.17). The crossing form for a more general Lagrangian pair of
the form(gr(Ψ),Λ), whereΛ(t) is a Lagrangian curve inE, is given byΓ

(
gr(Ψ),Λ, t0

)
as

described above. In the special case thatΛ(t) ≡V ×V, then

Γ
(
gr(Ψ),Λ, t0

)
(v) = ω(Ψ(t0)w,Ψ′(t0)w),

wherev = XΨ(t0)w.
A particular example of the Maslov index for symplectic paths is the Conley-Zehnder

index on (E,ω) = (R2n,ω0), which is defined asµCZ(Ψ)
def
= µ(gr(Ψ),∆) for pathsΨ :

[a,b] → Sp(2n,R), with Ψ(a) = Id and Id−Ψ(b) invertible. It holds thatΨ′ = J0K(t)Ψ,
for some smooth patht 7→ K(t) of symmetric matrices. An intersection of gr(Ψ) and∆ is
equivalent to the condition det(Ψ(t0)− Id) = 0, i.e. forξ0 ∈ ker (Ψ(t0)− Id) it holds that
Ψ(t0)ξ0 = ξ0. The crossing form is given by

Γ(gr(Ψ),∆, t0) (ξ0) = ω0(Ψ(t0)ξ0,Ψ′(t0)ξ0)

= 〈Ψ(t0)ξ0,K(t0)Ψ(t0)ξ0〉
= 〈ξ0,K(t0)ξ0〉.

In the case of a symplectic pathΨ : [0,τ]→Sp(2n,R), with Ψ(0) = Id, the extended Conley-
Zehnder index is defined asµCZ(Ψ,τ) = µ(gr(Ψ),∆).

The permuted Conley-Zehnder index

We now define a variation on the Conley-Zehnder index suitable for the application to
braids. Consider the symplectic space

E = R
2n×R

2n, ω = (−ω0)×ω0.
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In E we choose coordinates(x, x̃), with x = (p1, · · · , pn,q1, · · · ,qn) and x̃ =
(p̃1, · · · , p̃n, q̃1, · · · , q̃n) both in R

2n. Let σ ∈ Sn be a permutation, then the permuted di-
agonal∆σ is defined by:

∆σ
def
=

{
(x, x̃) | (p̃k, q̃k) = (pσ(k),qσ(k)), 1≤ k≤ n

}
. (3.18)

It holds that∆σ = gr(σ), whereσ =

(
σ 0
0 σ

)
and the permuted diagonal∆σ is a La-

grangian subspace ofE. Let Ψ : [0,τ] → Sp(2n,R) be a symplectic path withΨ(0) = Id. A
crossingt = t0 is defined by the condition ker(Ψ(t0)−σ) 6= {0} and the crossing form is
given by

Γ(gr(Ψ),∆σ, t0)(ξσ
0) = ω0(Ψ(t0)ξ0,Ψ′(t0)ξ0)

= 〈Ψ(t0)ξ0,K(t0)Ψ(t0)ξ0〉
= 〈σξ0,K(t0)σξ0〉 = 〈ξ0,σ

TK(t0)σξ0〉, (3.19)

whereξσ
0 = Xσξ0, andXσ the frame for∆σ. Thepermuted Conley-Zehnder indexis defined

as
µσ(Ψ,τ) def

= µ(gr(Ψ),∆σ). (3.20)

Based on the properties of the Maslov index the following list of basic properties of the
indexµσ can be derived.

LEMMA 3.22. Let Ψ : [0,τ] → Sp(2n,R) be a symplectic path withΨ(0) = Id, then

(i) µσ(Ψ×Ψ†,τ) = µσ(Ψ,τ)+µσ(Ψ†,τ);
(ii) let Φk(t) : [0,τ] → Sp(2n,R) be a symplectic loop (rotation) given byΦk(t) = e

2πk
τ J0t ,

then µσ(ΦkΨ,τ) = µσ(Ψ,τ)+2kn,

PROOF. Property (i) follows from the fact that the equations for the crossings uncouple.
As for (ii) we argue as follows. Consider the symplectic curves (usingΨ(0) = Id)

Ψ0(t) =

{
Φk(t)Ψ(t) t ∈ [0,τ]
Ψ(τ) t ∈ [τ,2τ],

Ψ1(t) =

{
Φk(t) t ∈ [0,τ]
Ψ(t − τ) t ∈ [τ,2τ].

The curvesΨ0 andΨ1 are homotopic via the homotopy

Ψλ(t) =

{
Φk(t)Ψ((1−λ)t) t ∈ [0,τ]
Ψ

(
τ+ λ(t−2τ)

)
t ∈ [τ,2τ],

with λ ∈ [0,1], and µσ(Ψ0,2τ) = µσ(Ψ1,2τ). By the definition ofΨ0 it follows that
µσ(ΦkΨ,τ) = µσ(Ψ0,2τ). Using property (iii) of the Maslov index mentioned before,we
obtain

µσ(ΦkΨ,τ) = µσ(Ψ0,2τ) = µσ(Ψ1,2τ) = µ(gr(Ψ1),∆σ)

= µ
(
gr(Φk)|[0,τ],∆σ

)
+µ

(
gr(Ψ(t − τ))|[τ,2τ],∆σ

)

= µ
(
gr(Φk)|[0,τ],∆σ

)
+µσ(Ψ,τ).

It remains to evaluateµ
(
gr(Φk)|[0,τ],∆σ

)
. Recall from [60], Remark 2.6, that for a La-

grangian loopΛ(t + 1) = Λ(t) and any Lagrangian subspaceV the Maslov index is given
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by

µ(Λ,V) =
α(1)−α(0)

π
, det(P(t)+ iQ(t)) = eiα(t),

whereX = (P,Q)t is a unitary Lagrangian frame forΛ. In particular, the index of the loop
is independent of the Lagrangian subspaceV. From this we derive that

µ
(
gr(Φk)|[0,τ],∆σ

)
= µ

(
gr(Φk)|[0,τ],∆

)
,

and the latter is computed as follows. Consider the crossings of Φk: det
(

e
2πk

τ J0t0 − Id
)

= 0,

which holds fort0 = τn
k , n = 0, · · · ,k. SinceΦk satisfiesΦ′

k = 2πk
τ J0Φk, the crossing form

is given byΓ(gr(Φk),∆, t0)ξ0 =
〈
ξ0,

2πk
τ ξ0

〉
= 2πk

τ |ξ0|2, with ξ0 ∈ ker(Ψ(t0)− Id) 6= {0},
and signΓ(gr(Φk),∆, t0) = 2n (the dimension of the kernel is 2n). From this we derive that
µ
(
gr(Φk)|[0,τ],∆

)
= 2knand consequentlyµ

(
gr(Φk)|[0,τ],∆σ

)
= 2kn. �

Fredholm theory and the Maslov index for closed braids

The main result of this section concerns the relation between the permuted Conley-
Zehnder indexµσ and the Fredholm index of the linearized Cauchy-Riemann operator

∂̄K,∆σ =
∂
∂s

+J0
∂
∂t

+K(s, t),

whereK(s, t) is a family of symmetric6 2n×2n matrices parameterized byR×R/Z. The
matrix J0 is the standard symplectic onR2n, with 〈·, ·〉 = ω0(·,J0·〉. The operator̄∂K,∆σ acts
on functions satisfying the non-local boundary conditions

(
ξ(s,0),ξ(s,1)

)
∈ ∆σ, or in other

wordsξ(s,1) = σξ(s,0). OnK we impose the following hypotheses:

(k1) there exist continuous functionsK± : R/Z → M(2n,R),7 such that lims→±∞ K(s, t) =
K±(t), uniform in t ∈ [0,1];

(k2) the solutionsΨ± of the initial value problem

d
dt

Ψ±−J0K±(t)Ψ± = 0, Ψ±(0) = Id,

have the property that gr
(
Ψ±(1)

)
is transverse to∆σ.

Hypothesis (k2) can be rephrased as det
(
Ψ±(1)−σ

)
6= 0. It follows from the proof below

that this is equivalent to saying that the mappingsL± = −J0
d
dt −K±(t) are invertible.

In [61] the following result was proved. Define the function spaces

W1,2
σ ([0,1];R2n)

def
=

{
η ∈W1,2([0,1]) |

(
η(0),η(1)

)
∈ ∆σ

}

W1,2
σ (R× [0,1];R2n)

def
=

{
ξ ∈W1,2(R× [0,1]) |

(
ξ(s,0),ξ(s,1)

)
∈ ∆σ

}
.

PROPOSITION3.23. Suppose that Hypotheses (k1) and (k2) are satisfied. Then theoperator
∂̄K,∆σ : W1,2

∆σ
→ L2 is Fredholm and the Fredholm index is given by

ind ∂̄K,∆σ = µσ(Ψ+,1)−µσ(Ψ−,1).

As a matter of fact̄∂K,∆σ is a Fredholm operator from W1,p
σ to Lp, 1 < p< ∞, with the same

Fredholm index.

6The theory also holds for familiesK(s,t) for which only the limits are symmetric.
7The 2n×2n real matrices are denoted byM(2n,R).
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PROOF. In [61] this result is proved that under Hypotheses (k1) and (k2) onthe operator
∂̄K,∆σ . We will sketch the proof adjusted to the special situation here. Regard the linearized
Cauchy-Riemann operator as an unbounded operator

DL =
d
ds

−L(s),

on L2
(
R;L2([0,1];R2n)

)
, whereL(s) = −J0

d
dt −K(s, t) is a family of unbounded, self-

adjoint operators onL2([0,1];R2n), with (dense) domainW1,2
σ ([0,1];R2n). In this special

case the result follows from the spectral flow ofL(s), which can be described as follows.
For the paths 7→ L(s) a numbers0 ∈ R is a crossing if kerL(s) 6= {0}. On kerL(s) we have
the crossing form

Γ(L,s0)ξ
def
= (ξ,L′(s)ξ)L2 = −

∫ 1

0

〈
ξ(t),

∂K(s, t)
∂s

ξ(t)
〉

dt,

with ξ ∈ kerL(s). If the paths 7→ L(s) has only regular crossings — crossings for whichΓ is
non-degenerate — then the main result in [61] states thatDL is Fredholm and the Fredholm
index is given by

ind DL = −∑
s0

signΓ(L,s0)
def
= −µspec(L).

Let Ψ(s, t) be the solution of the parametrized (bys) family of ODEs
{

L(s)Ψ(s, t) = 0,
Ψ(s,0) = Id.

Note thatξ ∈ ker L(s) if and only if ξ(t) = Ψ(s, t)ξ0 and Ψ(s,1)ξ0 = σξ0, i.e. ξ0 ∈
ker(Ψ(s,1) − σ). The crossing form forL can be related to the crossing form for
(gr(Ψ),∆σ). We have thatL(s)Ψ(s, ·) = 0, and thus by differentiating

∂K(s, t)
∂s

Ψ(s, t)+K(s, t)
∂Ψ(s, t)

∂s
= −J0

∂2Ψ(s, t)
∂s∂t

.

From this we derive

−
〈

Ψ(s, t)ξ0,
∂K(s, t)

∂s
Ψ(s, t)ξ0

〉

=
〈

Ψ(s, t)ξ0,K(s, t)
∂Ψ(s, t)

∂s
ξ0

〉
+

〈
Ψ(s, t)ξ0,J0

∂2Ψ(s, t)
∂s∂t

ξ0

〉

=
〈

K(s, t)Ψ(s, t)ξ0,
∂Ψ(s, t)

∂s
ξ0

〉
+

〈
Ψ(s, t)ξ0,J0

∂2Ψ(s, t)
∂s∂t

ξ0

〉

= −
〈

J0
∂Ψ(s, t)

∂t
ξ0,

∂Ψ(s, t)
∂s

ξ0

〉
+

〈
Ψ(s, t)ξ0,J0

∂2Ψ(s, t)
∂s∂t

ξ0

〉
,

which yields that

−
〈

Ψ(s, t)ξ0,
∂K(s, t)

∂s
Ψ(s, t)ξ0

〉
=

∂
∂t

〈
Ψ(s, t)ξ0,J0

∂Ψ(s, t)
∂s

ξ0

〉
.
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Figure 3.6: The symplectic contour inR2 and as cylinder[−T,T]×R/Z.

We substitute this identity in the integral crossing form for L(s) at a crossings= s0:

Γ(L,s0)(ξ) = −
∫ 1

0

〈
ξ(t),

∂K(s, t)
∂s

ξ(t)
〉

dt

= −
∫ 1

0

〈
Ψ(s, t)ξ0,

∂K(s, t)
∂s

Ψ(s, t)ξ0

〉
dt

=
〈

Ψ(s, t)ξ0,J0
∂Ψ(s, t)

∂s
ξ0

〉∣∣∣
1

0
=

〈
Ψ(s,1)ξ0,J0

∂Ψ(s,1)

∂s
ξ0

〉

= −ω0

(
Ψ(s,1)ξ0,

∂Ψ(s,1)

∂s
ξ0

)
= −Γ

(
gr(Ψ(s,1),∆σ,s0

)
(ξσ

0).

The boundary term att = 0 is zero sinceΨ(s,0) = Id for all s. The relation between the
crossing forms proves that the curvess 7→ L(s) ands 7→ Ψ(s,1) have the same crossings, and
µ(gr(Ψ(s,1)),∆σ) = −µspec(L). We assume thatΨ(±T, t) = Ψ±(t), and that the crossings
s= s0 are regular, as the general case follows from homotopy invariance. The symplectic
path along the boundary of the cylinder[−T,T]×R/Z ⊂ R×R/Z yields

µ(∆,∆σ)+µσ(Ψ+,1)+µspec(L)−µσ(Ψ−,1) = 0.

Indeed, since the loop is contractible the sum of the terms iszero. The individual terms
along the boundary components are found as follows, see Figure 3.6: (i) for−T ≤ s≤ T,
it holds thatΨ(s,0) = Id, and thus gr(Ψ(s,0)) = ∆ andµ(gr(Ψ(s,0)),∆σ) = µ(∆,∆σ); (ii)
for 0≤ t ≤ 1, we haveΨ(T, t) = Ψ+(t), and thereforeµ(gr(Ψ+),∆σ) = µσ(Ψ+,1); (iii) for
−T ≤ s≤ T (opposite direction) the previous calculations with the crossing form forL(s)
show thatµ(gr(Ψ(s,1)),∆σ) =−µspec(L); (iv) for 0≤ t ≤ 1 (opposite direction), it holds that
Ψ(−T, t) = Ψ−(t), and thereforeµ(gr(Ψ−),∆σ) = µσ(Ψ−,1). Since indDL =−µspec(L) we
obtain

ind DL = ind ∂̄K,∆σ = µσ(Ψ+,1)−µσ(Ψ−,1)+µ(∆,∆σ).

Since∆σ and∆ are both constant Lagrangian curves, it follows thatµ(∆,∆σ) = 0, which
concludes the proof of the Theorem. �
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We recall from Section 3.3 that the Hamiltonian for multi-strand braids is defined as
H(t,x(t)) = ∑n

k=1 H(t,xk(t)). The linearization around a braidx is given by

Lx
def
= d2fH(x) = −J0

d
dt

−d2H(t,x). (3.21)

Define the symplectic pathΨ : [0,1] → Sp(2n,R) by

dΨ
dt

−J0d2H(t,x(t))Ψ = 0, Ψ(0) = Id. (3.22)

For convenience we writeK(t) = d2H(t,x(t)), so that the linearized equation becomes
d
dt Ψ−J0K(t)Ψ = 0.

LEMMA 3.24. If det
(
Ψ(1)−σ

)
6= 0, then µσ(Ψ,1) is an integer.

PROOF. Since crossings between gr(Ψ) and∆σ exactly occur when det
(
Ψ(t)−σ

)
= 0,

the only endpoint that may lead to a non-integer contribution is the starting point. There the
crossing form is given by, see (3.19),

Γ(gr(Ψ),∆σ,0)(ξσ) = ω(ξ,σTK(0)σξ),

for all ξ ∈ ker(Ψ(0)−σ). The kernel ofΨ(0)−σ = Id−σ is even dimensional, since in
coordinates (3.18) it is of the form

ker(Id2n−σ) = ker(Idn−σ)×ker(Idn−σ).

Therefore, signΓ(gr(Ψ),∆σ,0) is always even, andµσ(Ψ,1) is an integer. �

The non-degeneracy condition leads to an integer valued Conley-Zehnder index for
braids.

DEFINITION 3.25. A stationary braidx is said to be non-degenerate if det
(
Ψ(1)−σ

)
6= 0.

The Conley-Zehnder index of a non-degenerate stationary braid x is defined by

µ(x)
def
= −µσ(Ψ,1),

whereσ ∈ Sn is the associated permutation ofx.

3.7. Transversality and connecting orbit spaces
Central to the analysis of the Cauchy-Riemann equations arevarious generic non-

degeneracy and transversality properties. The first important statement in this direction
involves the generic non-degeneracy of critical points.

Generic properties of critical points

Define
CritH ([x] rel y)

def
= CritH(Ωn

)∩ [x] rel y.

PROPOSITION3.26. Let [x] rel y be a proper relative braid class. Then, for any Hamilton-
ian H ∈ H, with y ∈ CritH(Ωm

), there exists aδ∗ > 0 such that for anyδ < δ∗ there exists a
nearby Hamiltonian H′ ∈ H satisfying‖H −H ′‖C2 < δ, with y ∈ CritH′(Ωm

) and such that
CritH′ ([x] rel y) consists of only finitely many non-degenerate critical points for the action
fH′ .



3.7 TRANSVERSALITY AND CONNECTING ORBIT SPACES 91

Nε(y)

Dε

D2

Figure 3.7: Tubular neighborhoods of a skeletony [left] and a cross section indicating the set
Aε [right].

S

(R/Z×D2)\A2ε

S

Figure 3.8: The invariant setT avoiding bothNε(y) andDε [left] and a cross section which
shows howT is contained inR/Z×D2\A2ε [right].

We say that the property that CritH ([x] rel y) consists of only non-degenerate critical
points is agenericproperty, and is satisfied bygenericHamiltonians in the above sense.

PROOF. GivenH ∈ H we start off with defining a class of perturbations. For a braid
y ∈ Ωm, define the tubular neighborhoodNε(y) of y in R/Z×D

2 by :

Nε(y) =
⋃

k=1,···,m
t∈[0,1]

Bε(y
k(t)).

If ε > 0 is sufficiently small, then a neighborhoodNε(y) consists ofm disjoint cylinders.
Let Dε = {x∈ D

2 | 1− ε < |x| ≤ 1} be a small neighborhood of the boundary, and define

Aε = Nε(y)∪
(
R/Z×Dε

)
, Ac

ε =
(
R/Z×D

2)\Aε,

see Figure 3.7. LetTJ,H ([x] rel y) represent the paths in the cylinder traced out by the
elements ofSJ,H([x] rel y):

TJ,H([x] rel y)
def
=

{
xk(t)

∣∣ 1≤ k≤ n, t ∈ [0,1], x ∈ SJ,H([x] rel y)
}
.

Since [x] rel y is proper, there exists anε∗ > 0, such that for allε ≤ ε∗ it holds that
TJ,H ([x] rel y) ⊂ int(Ac

2ε), see Figure 3.8. Now fixε ∈ (0,ε∗]. Let

Vε
def
= {h∈C2(R/Z×D

2;R) | supph⊂ Ac
ε},

Vδ,ε
def
= {h∈ Vε | ‖h‖C2 < δ},
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and consider Hamiltonians of the formH ′ = H + hδ ∈ H, with hδ ∈ Vδ,ε. Then, by con-
structiony ∈ CritH′(Ωm

), and by Proposition 3.20 the setSJ,H′
([x] rel y) is compact and

isolated in theproper braid class[x] rel y for all perturbationhδ ∈ Vδ,ε. A straightfor-
ward compactness argument, using the compactness result ofProposition 3.20, shows that
TJ,H+hδ([x] rel y) converges toTJ,H([x] rel y) in the Hausdorff metric asδ → 0. Therefore,
there exists aδ∗ > 0, such thatTJ,H+hδ([x] rel y)⊂ int(Ac

2ε), for all 0≤ δ ≤ δ∗. In particular
CritH+hδ,ε ⊂ int(Ac

2ε), for all 0≤ δ ≤ δ∗. Now fix δ ∈ (0,δ∗].
The Hamilton equations forH ′ arexk

t −J0∇H(t,xk)−J0∇h(t,x) = 0, or

−J0xk
t −∇H(t,xk)−∇h(t,x) = 0,

with the boundary conditions given in Definition 3.2. DefineUε ⊂ W1,2
σ ([0,1];R2n) to be

the open subset of functionsx = {xk} such thatxk(t) ∈ int(Ac
2ε) and define the nonlinear

mapping
G : Uε ×Vδ,ε → L2([0,1];R2n),

which represents the above system of equations and boundaryconditions. Explicitly,

G(x,h) = −J0xt −∇H(t,x)−∇h(t,x),

whereH(t,x) = ∑k H(t,xk), and the same forh. The mappingG is linear inh. SinceG is
defined onUε and bothH andh are of classC2, the mappingG is of classC1. The derivative
with respect to variations(ξ,η) ∈W1,2

σ ([0,1];R2n)×Vε is given by

dG(x,h)(ξ,η) = −J0ξt −d2H(t,x)ξ−d2h(t,x)ξ−∇η(t,x)

= Lxξ−∇η(t,x),

whereLx = −J0
d
dt −d2H(t,x)−d2h(t,x), analogous to (3.21) in the previous section. We

see that there is a one-to-one correspondence between elements Ψ in the kernel ofLx and
symplectic paths described by (3.22) with det

(
Ψ(1)−σ

)
= 0. In other words, the stationary

braidx is non-degenerate if and only ifLx has trivial kernel.
The operatorLx is a self-adjoint operator onL2([0,1];R2n) with domainW1,2

σ ([0,1];R2n)
and is Fredholm with ind(Lx) = 0. ThereforeGh

def
= G(·,h) is a (proper) nonlinear Fredholm

operator with
ind(Gh) = ind(Lx) = 0.

Define the set
Z =

{
(x,h) ∈ Uε ×Vδ,ε | G(x,h) = 0

}
= G−1(0),

and we show thatZ is a Banach manifold. In order to prove this we show thatdG(x,h) is
surjective for all(x,h) ∈ Z. SincedG(x,h)(ξ,η) = Lxξ−∇η(t,x), and the (closed) range
of Lx has finite codimension, we need to show there is a (finite dimensional) complement of
R(Lx) in the image of∇η(t,x). It suffices to show that∇η(t,x) is dense inL2([0,1];R2n).

Recall that for any pair(x,h) ∈ Z, it holds thatx ∈ CritH′ ⊂ int(Ac
2ε). As before con-

sider a neighborhoodNε(x), so thatNε(x) ⊂ int(Ac
ε) and consists ofn disjoint cylinders

Nε(xk). Let φk
ε(t,x) ∈ C∞

0 (Nε(xk)), such thatφk
ε ≡ 1 on Nε/2(xk). Define, for arbitrary

f k ∈C∞(R/Z;R2),

η(t,x) =
n

∑
k=1

φk
ε(t,x)〈 f k(t),x〉L2.



3.7 TRANSVERSALITY AND CONNECTING ORBIT SPACES 93

Sinceφk
ε(t,x

k(t)) ≡ 1 it holds thatη(t,x) = ∑n
k=1〈 f k(t),xk〉L2 for x ∈ CritH′ , and therefore

the gradient satisfies∇η(t,x) = f = ( f k) ∈C∞(R/Z;R2n). Moreover,η ∈ Vε by construc-
tion, and becauseC∞(R/Z;R2n) is dense inL2([0,1];R2n) it follows thatdG(x,h) is surjec-
tive.

Consider the projectionπ : Z → Vδ,ε, defined byπ(x,h) = h. The projectionπ is a
Fredholm operator. Indeed,dπ : T(x,h)Z → Vε, with dπ(x,h)(ξ,η) = η, and

T(x,h)Z =
{

(ξ,η) ∈W1,2
σ ×Vε | Lxξ−∇η = 0

}
.

¿From this it follows that ind(dπ) = ind(Lx) = 0. The Sard-Smale Theorem [67] implies
that the set of perturbationsh∈ V

reg
δ,ε ⊂ Vδ,ε for which h is a regular value ofπ is an open

and dense subset. It remains to show thath∈ V
reg
δ,ε yields thatLx is surjective. Leth∈ V

reg
δ,ε ,

and (x,h) ∈ Z, thendG(x,h) is surjective, i.e., for anyζ ∈ L2([0,1];R2n) there are(ξ,η)
such thatdG(x,h)(ξ,η) = ζ. On the other hand, since sinceh is a regular value forπ, there
exists âξ such thatdπ(x,h)(ξ̂,η) = η , (ξ̂,η) ∈ T(x,h)Z, i.e. Lxξ̂−∇η = 0. Now

Lx(ξ− ξ̂) = dG(x,h)(ξ− ξ̂,0)

= dG(x,h)
(
(ξ,η)− (ξ̂,η)

)
= ζ−0= ζ,

which proves that for allh ∈ V
reg
δ,ε the operatorLx is surjective, and hence also injective,

implying thatx is non-degenerate. �

For x± ∈ CritH , let M
J,H
x−,x+([x] rel y) be the space of all bounded solutions inu ∈

MJ,H ([x] rel y) such that lims→±∞ u(s, ·) = x±(·), i.e., connecting orbits in the relative
braid class. Ifx− = x+ then the set consists of just this one critical point. The space
S

J,H
x−,x+([x] rel y), as usual, consists of the corresponding trajectories.

LEMMA 3.27. Let [x] rel y be a proper braid class and let H∈H be a generic Hamiltonian.
Then

MJ,H ([x] rel y) ⊂
⋃

x±∈CritH

MJ,H
x−,x+

([x] rel y),

whereCritH = CritH([x] rel y).

PROOF. Using the a priori estimate (3.10) we establish that bounded solutions have
limits:

lim
s→±∞

u(s, t) = x±,

for somex± in CritH([x] rel y), where the convergence is uniform int, and lims→±∞ us(s, t)
goes to 0, uniformly int. Indeed, by assuming the contrary we have a sequence(sn, tn),
with |sn| → ∞, such thatu(sn, tn) stays strictly away fromx(tn) for any of the finitely many
x ∈ CritH(x rel y) asn→ ∞. We may assume thattn → t∗, and thus

|û(0, t∗)−x(t∗)| ≥ δ > 0 for all x ∈ CritH([x] rel y). (3.23)

Defineun(s, t) = u(s+sn, t). For the sequence{un} we have the a priori estimate

‖un‖C1,λ(R2) ≤C(J,H), n→ ∞,

where 0< λ ≤ 1−2/p. In view of the compactness of the embedding

C1,λ(R2) →֒C1,λ′
(K),
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for any compact domainK ⊂ R
2 and 0≤ λ′ < λ, there exists a subsequence, again denoted

by un, and a function function̂u ∈C1,λ′
(K) such that

un −→ û, in C1,λ′
(K), as n→ ∞.

The limit function û satisfies the equation̄∂J,H(û) = 0 and the boundary conditions, and
thereforêu ∈ MJ,H . For anyT > 0 we have that

∫ T

−T

∫ 1

0
|ûs|2dtds= lim

n→∞

∫ T

−T

∫ 1

0
|(un)s|2dtds.

By definition, since|sn| → ∞, it holds that

lim
n→∞

∫ T

−T

∫ 1

0
|(un)s|2dtds= lim

n→∞

∫ T−sn

−T−sn

∫ 1

0
|us|2dtds= 0.

Therefore, the limit function̂u is independent ofs and û ∈ CritH([x] rel y), contradic-
tion (3.23). �

COROLLARY 3.28. Let [x] rel y be a proper relative braid class and let H be a generic
Hamiltonian withy ∈ CritH(Ωm

). Then the space of bounded solutions is given by

MJ,H ([x] rel y) =
⋃

x±∈CritH

MJ,H
x−,x+

([x] rel y).

PROOF. The key observation is that sincex± rel y ∈ [x] rel y, also u(s, ·) rel y ∈
[x] rel y, for all s ∈ R (the crossing number cannot change). Therefore, anyu ∈
M

J,H
x−,x+([x] rel y) is contained in[x] rel y, and thusMJ,H

x−,x+([x] rel y)⊂ MJ,H([x] rel y). The
remainder of the proof follows from Lemma 3.27. �

Note that the setsMJ,H
x−,x+([x] rel y) are not necessarily compact inΩn

. The fol-
lowing corollary gives a more precise statement about the compactness of the spaces
M

J,H
x−,x+([x] rel y), which will be referred to asgeometric convergence[63].

COROLLARY 3.29. Let [x] rel y be a proper relative braid class and H be a generic
Hamiltonian withy ∈ CritH(Ωm

). Then for any sequence{un} ⊂ M
J,H
x−,x+([x] rel y) (along

a subsequence) there exist stationary braidsxi ∈ CritH([x] rel y), i = 0, · · · ,m, orbits
ui ∈ M

J,H
xi ,xi−1([x] rel y) and times sin, i = 1, · · · ,m, such that

un(·+si
n, ·) −→ ui , n→ ∞,

in C1
loc(R×R/Z). Moreover,x0 = x+ andxm = x− and fH(xi) > fH(xi−1) for i = 1, · · · ,m.

The sequenceun is said to geometrically converge to the broken trajectory(u1, · · · ,um).

REMARK 3.30. In the case of smooth HamiltonianH ∈H∩C∞ we can find generic Hamil-
tonians in the same smooth classH∩C∞. Then Proposition 3.26 holds with respect to
smooth Hamiltonians.
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Generic properties for connecting orbits

As for critical points, non-degeneracy can also be defined for connecting orbits. This
closely follows the ideas in the previous subsection. SetW1,p

σ = W1,p
σ (R× [0,1];R2n) and

Lp = Lp(R× [0,1];R2n). In order to define transversality of connecting orbits we embed the
Cauchy-Riemann equations for braids inR

2n. Recall thatω0 = ω0×·· ·×ω0 is the standard
symplectic form on(D2)n andJ ∈ Sp+(2n,R) is defined fromJ ∈ J+ ⊂ Sp(2,R) via the
relationω0(·,J·) = g(·, ·), whereg=

(
g×·· ·×g

)
. DefineXH via the relationiXH

ω0 =−dH.

DEFINITION 3.31. Letx−,x+ ∈CritH(Ωn
) be non-degenerate stationary braids. A connect-

ing orbit u ∈ M
J,H
x−,x+ is said to benon-degenerate, or transverse, if the linearized Cauchy-

Riemann operator
∂
∂s

+J
∂
∂t

−JdXH(t,u(s, t)) : W1,p
σ → Lp,

is a surjective operator (for all 1< p < ∞).

DefineC∞
σ

(
R× (D2)n;R

)
= {h∈C∞ | h(t+1,x) = h(t,σx)}. For smooth perturbations

h ∈C∞
σ

(
R× (D2)n;R

)
, consider the following extension of the nonlinear Cauchy-Riemann

equations
us+Jut + ∇gH(t,u)+ ∇gh(t,u) = 0.

Note that we allow perturbationsh that change the dynamics for each of then strands in
a (slightly) different way. The space of bounded solutions and trajectories are denoted by
MJ,H,h andSJ,H,h, respectively. The compactness properties of these spacesare completely
analogous to the ones ofMJ,H andSJ,H . In order to get genericity for connecting orbits we
start off with smooth Hamiltonians and smooth braids, i.e. we assume thaty is a smooth
skeleton. OnC∞ we define a Banach space structure by defining the norm

‖h‖C∞
def
=

∞

∑
k=0

εk‖h‖Ck ,

for a sufficiently fast decaying sequenceεk > 0, such that equipped with this normC∞ is a
separable Banach space, that is dense inL2.

PROPOSITION 3.32. Let [x] rel y be a proper relative braid class and letx−,x+ ∈
CritH([x] rel y) be non-degenerate stationary braids for some Hamiltonian H∈ H∩C∞.
Then there exists aδ∗ > 0 such that for anyδ ≤ δ∗ there exists a Hamiltonian perturbation
h ∈C∞

σ (R× (D2)n;R), with ‖h‖C∞ < δ, so that that

(i) S
J,H,h
x−,x+([x] rel y) is isolated in[x] rel y;

(ii) x± ⊂ CritH+h([x] rel y);

(iii) M
J,H,h
x−,x+([x] rel y) consists of non-degenerate connecting orbits;

(iv) M
J,H,h
x−,x+([x] rel y) are smooth manifolds without boundary and

dimMJ,H′′
x−,x+

= µ(x−)−µ(x+),

where µ is the Conley-Zehnder index defined in Definition 3.25.

PROOF. By assumptionSJ,H
x−,x+ is isolated in[x] rel y. In order to prove that the same

holds forSJ,H,h
x−,x+ whenδ∗ is sufficiently small we argue by contradiction. Suppose no suchδ∗
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exists, then there is sequenceδk → 0 ask→ ∞, functionshk with ‖hk‖C∞ < δk and solutions
uk ∈ M

J,H,hk
x−,x+ ([x] rel y) such that either

(a) |uk(sk, tk)| = 1 for some(sk, tk) ∈ R× [0,1], or
(b) uk(sk, ·)∩Σn rel y 6= ∅ for somesk.

By shifting withsk in swe may assume without loss of generality thatsk = 0. By compact-
ness limk→∞ uk = u ∈ MJ,H([x] rel y) with either (a) or (b) satisfied. This contradicts the
isolation ofSJ,H

x−,x+ and proves (i).
As for the transversality properties we refer to Salamon andZehnder [64], where per-

turbations in inR2n are considered. The proof is similar in spirit to the genericity of critical
points. We sketch the main steps based on the proof in [64].

Denote byC∞
0 (R/Z× (D2)n,H) the subset ofC∞ of perturbationsh whose support is

bounded away from CritH([x] rel y). Therefore CritH+h([x] rel y) = CritH([x] rel y) for h

small enough (by the compactness properties). As in the proof of Proposition 3.26 define
the Cauchy-Riemann equations

G(u,h) = us+Jut + ∇gH(t,u)+ ∇gh(t,u).

Based on the a priori regularity of bounded solutions of the Cauchy-Riemann equations we
define for 2< p < ∞ the affine spaces

U1,p(x−,x+)
def
=

{
γ+ ξ | ξ ∈W1,p

σ
}
, (3.24)

and ballsU1,p
ε = {u ∈ U1,p |‖ξ‖W1,p

σ
< ε}, whereγ(s, t) ∈ C2

(
R× [0,1];(D2)n

)
is a fixed

connecting path such that lims→±∞ γ(s, ·) = x± andγ(s, t)∈ int(D2)n for all (s, t)∈R× [0,1].
Therefore, forp> 2, functionsu ∈U

1,p
ε (x−,x+) satisfy the limits lims→±∞ u(s, ·) = x± and

if ε > 0 is chosen sufficiently small then alsou(s, t) ∈ int(D2)n for all (s, t) ∈ R× [0,1]. The
mapping

G : U
1,p
ε (x−,x+)×C∞

0 → Lp(R× [0,1];R2n),

is a smooth mapping. Define

Zx−,x+

def
=

{
(u,h) ∈ U

1,p
ε (x−,x+)×C∞

0 | G(u,h) = 0
}

= G−1(0),

which is Banach manifold provided thatdG(u,h) is onto on for all(u,h) ∈ Zx−,x+ , where

dG(u,h)(ξ,δh) = d1G(u,δh)ξ+ ∇gδh.

We summarize the most important ingredients of the proof andfor details we refer to
[64]. Assume thatdG(u,h) is not onto. Then there exists a non-zero functionη ∈ Lq which
annihilates the range ofdG(u,h) and thus also the range ofd1G(u,h), which is a Fredholm
operator of indexµ(x−)−µ(x+), see Proposition 3.23. The relation〈d1G(u,h)(ξ),η〉 = 0
for all ξ implies that

d1G(u,h)∗η = −ηs+Jηt +d∇gH(t,u)η = 0,

and since also〈dG(u,h)(ξ,δh),η〉 = 0 it follows that
∫ ∞

−∞

∫ 1

0
〈η(s, t),∇gδh〉R2ndtds= 0, for all δh. (3.25)



3.7 TRANSVERSALITY AND CONNECTING ORBIT SPACES 97

Due to the assumptions onh andH the regularity theory for the linear Cauchy-Riemann
operator implies thatη is smooth. It remains to show that no such non-zero functionη
exists.

Step1: Sinceη satisfies a perturbed Laplace’s equation it follows from Aronszajn’s
unique continuation [8] theorem thatη(s, t) 6= 0 for almost all(s, t) ∈ R× [0,1].

Step2: The vectorsη(s, t) andus(s, t) are linearly dependent for alls andt. Suppose
not, then these vector are linearly independent in some small neighborhood of(s0, t0). This
allows the construction ofδh(u, t) ∈C∞

0 which violates the integral condition in (3.25). See
[64] for the details.

Step3: The previous step implies the existence of a functionλ : R× [0,1] → R such
that

η(s, t) = λ(s, t)
∂u
∂s

(s, t),

for all s, t for which η(s, t) 6= 0. Using a contradiction argument with respect to equation
(3.25) yields that

∂λ
∂s

(s, t) = 0,

for almost all(s, t). In particular we obtain thatλ is s-independent and we can assume that
λ(t)≥ δ > 0 for all t ∈ [0,1] (follows again from Aronszajn’s unique continuation theorem).

Step4: This final step provides a contradiction to the assumptionthatdG is not onto. It
holds that

∫ 1

0

〈
∂u
∂s

(s, t),η(s, t)

〉
dt =

∫ 1

0
λ(t)

∣∣∣∣
∂u
∂s

(s, t)

∣∣∣∣
2

dt ≥ δ
∫ 1

0

∣∣∣∣
∂u
∂s

(s, t)

∣∣∣∣
2

dt > 0.

The functionsus andη satisfy the equations

d1G(u,h)us = 0, d1G(u,h)∗η = 0,

respectively. From these equations we can derive expressions forussandηs from which we
get that

d
ds

∫ 1

0

〈
∂u
∂s

(s, t),η(s, t)

〉
dt = 0.

Combining this with the previous estimate yields that
∫ ∞
−∞

∫ 1
0 |us(s, t)|2dt = ∞, which, com-

bined with the compactness properties, contradicts the fact that u ∈ Mx−,x+ , and thus
dG(u,h) is onto for all(u,h) ∈ Zx−,x+ .

We can now apply the Sard-Smale theorem as in the proof of Proposition 3.26. The
only difference here is that application of the Sard-Smale requires(µ(x−)− µ(x+) + 1)-
smoothness ofG which is guaranteed by the smoothness ofy, H andh. �

For generic pairs(H,h) the convergence of Corollary 3.29 can be extended with esti-
mates on the Conley-Zehnder indices of the stationary braids.

COROLLARY 3.33. Let [x] rel y be a proper relative braid class and H be a generic
Hamiltonian withy ∈ CritH(Ωm

). If un geometrically converges to the broken trajectory
(u1, · · · ,um), withui ∈M

J,H
xi ,xi−1([x] rel y), i = 1, · · · ,m andxi ∈CritH([x] rel y), i = 0, · · · ,m,

then
µ(xi) > µ(xi−1),

for i = 1, · · · ,m.
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Since Proposition 3.32 provides a dense set of perturbations h the intersection of dense
sets over all pairs(x−,x+) yields a dense set of perturbationsh for which (i)-(iv) in Propo-
sition 3.32 holds for all pairs pairs(x−,x+) and thus for all ofMJ,H,h([x] rel y).

The above proof also carries over to the Cauchy-Riemann equations withs-dependent
HamiltonianH(s, ·, ·). The only difference will be that one needs to consider perturbations
h : R×R/Z×(D2)n →R. Exploiting the Fredholm index property for thes-dependent case
we obtain the following corollary. Lets 7→H(s, ·, ·) be a smooth path inH with the property
Hs = 0 for |s| ≥ R. We have the following non-autonomous version of Propostion 3.32,
see [64].

COROLLARY 3.34. Let Jx rel yK be a proper relative braid class with fibers[x−] rel y−,
[x+] rel y+ in Jx rel yK. Let s7→H(s, ·, ·) be a smooth path inH such thatCritH±([x±] rel y±),
with H± = H(±∞, ·, ·), consist of non-degenerate stationary braids andMJ,H±([x±] rel y±)
of only non-degenerate connections. Then there exists aδ∗ > 0 such that for anyδ ≤ δ∗
there exist s-dependent perturbationsh∈C∞

σ (R×R×(D2)n;R), with‖h‖C2 ≤ δ andhs = 0
for |s| ≥ R (andh± = h(±∞, ·, ·)), so that for x′±CritH±([x±] rel y±)

(i) S
J,H± ,h±
x′−,x′+

([x±] rel y±) are isolated in[x±] rel y± respectively;

(ii) CritH±+h±([x±] rel y±) = CritH±([x±] rel y±);

(iii) M
J,H,h
x′−,x′+

consist of non-degenerate connecting orbits with respect to the s-dependent
Cauchy-Riemann equations;

(iv) M
J,H,h
x′−,x′+

are smooth manifolds without boundary with

dimM
J,H,h
x′−,x′+

= µ(x′−)−µ(x′+)+1,

where µ(x′±) are the Conley-Zehnder indices with respect to the Hamiltonians H±.

3.8. Floer homology for proper braid classes
Since proper relative braid classes have the property that the setsS([x] rel y) are isolated

in [x] rel y we can assign Floer homology groups following the celebrated construction of
building a chain complex due to Floer [29]. As pointed out before the isolating neighbor-
hoods are found via proper relative braid classes[x] rel y and we embed the defining system
of Cauchy-Riemann equations̄∂J,H(u) = 0 as Cauchy-Riemann equations in the symplectic
product

(M,ω) =
(
D

2×·· ·×D
2,ω0×·· ·×ω0

)
,

which are given in (3.7). In [29] the idea of defining Floer homology for isolating neigh-
borhoods was introduced and it provides the natural framework for relative braid classes. In
this section we outline the definition of Floer homology for isolating neighborhoods applied
to proper braid classes.

Definition

Let y ∈ Ωm be a smooth braid and[x] rel y a proper relative braid class. LetH ∈
H∩C∞ be a generic Hamiltonian with respect to the proper braid class[x] rel y (Proposition
3.26). Then the set of bounded solutionsMJ,H([x] rel y) is compact, CritH([x] rel y) is non-
degenerate andSJ,H([x] rel y) is isolated in[x] rel y. Since CritH([x] rel y) is a finite set we
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can define the chain groups

Ck
(
[x] rel y,H;Z2

) def
=

⊕

x′∈CritH ([x] rel y)

µ(x′)=k

Z2 ·x′, (3.26)

which are free abelian groups isomorphic toZ2×·· ·×Z2. In order to have a chain complex
also a boundary operator∂k : Ck → Ck−1 is needed. By Proposition 3.32 we can choose
a perturbationh such that the setSJ,H,h([x] rel y) is isolated in[x] rel y and the orbitsu ∈
M

J,H,h
x−,x+([x] rel y) are non-degenerate for all pairsx−,x+ ∈ CritH([x] rel y). Let M̂

J,H,h
x−,x+ =

M
J,H,h
x−,x+/R be the equivalence classes of orbits identified by translation in thes-variable.

Consequently,̂MJ,H,h
x−,x+ are smooth manifolds of dimension dim̂MJ,H,h

x−,x+ = µ(x−)−µ(x+)−1.

LEMMA 3.35. If µ(x−)−µ(x+) = 1, thenM̂
J,H,h
x−,x+([x] rel y) consists of finitely many equiv-

alence classes.

PROOF. From the compactness Theorem 3.8 and the geometric convergence in Corol-
laries 3.29 and 3.33 we derive that for any sequence{un} ⊂M

J,H,h
x−,x+([x] rel y) geometrically

converges to a broken trajectory(u1, · · · ,um), with ui ∈ M
J,H
xi ,xi−1([x] rel y), i = 1, · · · ,m and

xi ∈ CritH([x] rel y), i = 0, · · · ,m, such thatµ(xi) > µ(xi−1), for i = 1, · · · ,m. Since by
assumptionµ(x−) = µ(x+) + 1 it follows that m = 1 andun converges to a single orbit
u1 ∈ M

J,H,h
x−,x+([x] rel y). Therefore, the set̂MJ,H,h

x−,x+([x] rel y) is compact. From Proposition

3.32 it follows that the orbits in̂MJ,H,h
x−,x+([x] rel y) occur as isolated points and therefore

M̂
J,H,h
x−,x+([x] rel y) is a finite set. �

Define the boundary operator by

∂k(J,H,h)x def
= ∑

x′∈CritH ([x] rel y)

µ(x′)=k−1

n(x,x′;J,H,h)x′, (3.27)

where
n(x,x′;J,H,h) =

[
# M̂

J,H,h
x,x′

]
mod 2∈ Z2.

The boundary operator∂k can be represented by a matrix consisting of 0’s and 1’s. The
final property that the boundary operator has to satisfy is∂k−1◦∂k = 0. Let us compute the
expression

∂k−1
(
∂kx) = ∂k−1


 ∑

x′∈CritH (x rel y)

µ(x′)=k−1

n(x,x′;J,H,h)x′




= ∑
x′∈CritH (x rel y)

µ(x′)=k−1

n(x,x′;J,H,h)∂k−1x′

= ∑
x′∈CritH

µ(x′)=k−1

n(x,x′;J,H,h)


 ∑

x′′∈CritH
µ(x′′)=k−2

n(x′,x′′;J,H,h)x′′




= ∑
x′′∈CritH

µ(x′′)=k−2

∑
x′∈CritH

µ(x′)=k−1

n(x,x′;J,H,h)n(x′,x′′;J,H,h)x′′.
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The sum∑ x′∈CritH
µ(x′)=k−1

n(x,x′;J,H,h)n(x′,x′′;J,H,h) = m(x,x′′) is the number of ‘broken con-

nections’ fromx to x′′ modulo 2.

LEMMA 3.36. If µ(x−)−µ(x+) = 2, thenM̂
J,H,h
x−,x+([x] rel y) is a smooth 1-dimensional man-

ifold with finitely many connected components. Thenon-compactcomponents can be iden-
tified with(0,1) and the “closure” with[0,1]8. The limits (“boundary”){0,1} correspond
to unique pairs of distinct broken trajectories

(u1,u2) ∈ M
J,H,h
x−,x′ ([x] rel y)×M

J,H,h
x′,x+

([x] rel y),

and
(ũ1, ũ2) ∈ M

J,H,h
x−,x′′([x] rel y)×M

J,H,h
x′′,x+

([x] rel y),

with µ(x′′) = µ(x′) = µ(x−)−1.

PROOF. As in the proof of Lemma 3.35, from the compactness Theorem 3.8 and the
geometric convergence in Corollaries 3.29 and 3.33 we derive that any sequence{un} ⊂
M

J,H,h
x−,x+([x] rel y) geometrically converges to a broken trajectory(u1,u2).

The results by Floer [29] show that for each pair(u1,u2)∈ M̂
J,H,h
x−,x′ ×M̂

J,H,h
x′,x+

there exists

a unique local family of connecting orbitsu′′ ∈ M̂
J,H,h
x−,x+ — the gluing construction. Due to

the local uniqueness of the gluing construction, the ‘ends’0 and 1 cannot coincide, and the
“closure” of the non-compact components can be identified with [0,1]. �

This implies that the total number of broken connections from x to x′′ is even and thus
m(x,x′′) = 0, which proves that∂k−1◦∂k = 0. Consequently,

(
C∗

(
[x] rel y,H;Z2

)
,∂∗(J,H,h)

)

is a (finite) chain complex.
The homology of the chain complex(C∗,∂∗) is defined as

FHk
(
[x] rel y,J,H,h;Z2

) def
=

ker∂k

im∂k+1
, (3.28)

and is called the Floer homology of
(
[x] rel y,J,H,h

)
. The Floer homology takes values in

Z2 and is finite. It is not clear at this point thatFH∗ is independent ofJ,H,h and whether
FH∗ is an invariant for proper relative braid classJx rel yK.

Continuation

Floer homology has a powerful invariance property with respect to ‘large’ variations in
its parameters [29]. Let [x] rel y be a proper relative braid class and consider almost complex
structuresJ, J̃ ∈ J+, generic HamiltoniansH,H̃ such thaty ∈ CritH ∩CritH̃ and functions

h, h̃ such that the connecting orbits are non-degenerate. Then the Floer homologies

FH∗
(
[x] rel y,J,H,h;Z2

)
and FH∗

(
[x] rel y, J̃,H̃, h̃;Z2

)
,

are well-defined.

8This can more easily be formalized by considering the corresponding setSJ,H ,h
x−,x+

, but we do not go into
details here.
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PROPOSITION3.37. Given a proper relative braid class[x] rel y it holds that

FH∗
(
[x] rel y,J,H,h;Z2

) ∼= FH∗
(
[x] rel y, J̃,H̃, h̃;Z2

)
,

under the hypotheses on(J,H,h) and(J̃,H̃, h̃) as stated above.

In order to prove the isomorphism we follow the standard procedure in Floer homology.
Consider the chain complexes

(
C∗

(
[x] rel y,H;Z2

)
,∂∗(J,H,h)

)
and

(
C∗

(
[x] rel y,H̃;Z2

)
,∂∗(J̃,H̃.h̃)

)

and construct homomorphismshk satisfying the commutative diagram

· · · −−−−→ Ck(H)
∂k(J,H,h)−−−−−→ Ck−1(H)

∂k−1(J,H,h)−−−−−−→ Ck−2(H) −−−−→ ·· ·
hk

y hk−1

y hk−2

y

· · · −−−−→ Ck(H̃)
∂k(J̃,H̃,h̃)−−−−−→ Ck−1(H̃)

∂k−1(J̃,H̃,h̃)−−−−−−→ Ck−2(H̃) −−−−→ ·· ·
To definehk consider the homotopiesλ 7→ (Jλ,Hλ,hλ) in J+ ×H×C∞ with λ ∈ [0,1].

In particular chooseHλ = (1− λ)H + λH̃ so thaty ∈ CritHλ for all λ ∈ [0,1] and hλ =

(1− λ)h + λh̃. It is important to notice that at the end pointsλ = 0,1 the systems are
generic, but this is not necessarily true for allλ ∈ (0,1). Define the smooth functionλ(s) as
a function that satisfies 0≤ λ(s) ≤ 1 and

λ(s) =

{
0 for s≤−R

1 for s≥ R,

for someR> 0. The non-autonomous Cauchy-Riemann equations in(D2)n then are

us+Jλ(s)ut + ∇gHλ(s)(t,u)+ ∇ghλ(s)(t,u)+ ∇gh
′(s, t,u) = 0, (3.29)

whereh′ is a perturbation as described in Corollary 3.34. By settingJ(s) = Jλ(s), H(s, ·, ·) =
Hλ(s) andh(s, ·, ·) = hλ(s) then Equation (3.29) fits in the framework of Equation (3.7) and
for generic perturbationsh′ the bounded orbits are non-degenerate. To simplify notation we
will write h′λ = hλ +h′.

As before, denote the space of bounded solutions of the augmented Cauchy-Riemann
equations byMJλ,Hλ ,h′λ = MJλ ,Hλ,h′λ(Ωm

), and we derive the following basic compactness
result.

PROPOSITION3.38. The spaceMJλ ,Hλ,h′λ is compact in the topology of uniform convergence
on compact sets in(s, t) ∈ R

2, with derivatives up to order 1. Moreover,fHλ is uniformly
bounded along trajectoriesu ∈ MJλ ,Hλ,h′λ , and

lim
s→±∞

|fHλ(u(s, ·))| = |c±(u)| ≤C(J,H),

∫

R

∫ 1

0
|us|2dtds=

n

∑
k=1

∫

R

∫ 1

0
|uk

s|2dtds≤C′(J,H),

for all u ∈ M. Moreover,

lim
s→−∞

u(s, ·) ∈ CritH , and lim
s→+∞

u(s, ·)CritH̃ ,
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for anyu ∈ MJλ,Hλ ,h′λ .

PROOF. The compactness follows from the estimates in Section 3.3 and the compact-
ness in Proposition 3.8. Due to genericity, bounded solutions have limits in CritH ∪CritH̃ ,
see Corollary 3.28. �

We can define a homomorphismhk = hk(Jλ,Hλ,h
′
λ) Via the non-autonomous Cauchy-

Riemann equations between the chain groups as follows. We recall that when we writeµ(x)
for x ∈ CritH or x ∈ CritH̃ , then this is the Conley-Zehnder indexµ(x) with respect to the
HamiltonianH or H̃, respectively. For anyx ∈ CritH with µ(x) = k we define

hkx = ∑
x′∈Crit

H̃
µ(x′)=k

n(x,x′;Jλ,Hλ,h
′
λ)x

′,

where
n(x,x′;Jλ,Hλ,h

′
λ) =

[
# M̂

Jλ ,Hλ,h′λ
x,x′

]
mod 2∈ Z2.

LEMMA 3.39. The homomorphisms hk defined above are chain homomorphisms, i.e.,

∂k(J̃,H̃, h̃)◦hk = hk−1 ◦∂k(J,H,h),

for all k ∈ Z.

PROOF. As for the boundary operator it holds that

∂k(J̃,H̃, h̃)(hkx) = ∑
x′′∈Crit

H̃
µ(x′′)=k−1

∑
x′∈Crit

H̃
µ(x′)=k

n(x,x′;Jλ,Hλ,h
′
λ)n(x′,x′′; J̃,H̃, h̃)x′′,

and
hk−1

(
∂k(J,H,h)x

)
= ∑

x′′∈Crit
H̃

µ(x′′)=k−1

∑
x′∈CritH

µ(x′)=k−1

n(x,x′;J,H,h)n(x′,x′′;Jλ,Hλ,h
′
λ)x

′′,

We need to show that

∑
x′∈Crit

H̃
µ(x′)=k

n(x,x′;Jλ,Hλ,h
′
λ)n(x′,x′′; J̃,H̃, h̃)

= ∑
x′∈CritH

µ(x′)=k−1

n(x,x′;J,H,h)n(x′,x′′;Jλ,Hλ,h
′
λ) mod 2 (3.30)

In order to establish this, one has to investigate spaceM
Jλ,Hλ,h′λ
x−,x+ , with µ(x−) = µ(x+)+1;

see [30] for all details. As before we use the characterization ofM
Jλ,Hλ ,h′λ
x−,x+ and a non-

autonomous version of the gluing lemma. From genericity andcompactness we conclude

that dimM
Jλ ,Hλ,h′λ
x−,x+ = 1 and the closure of non-compact components can be identifiedwith

[0,1]. A sequence{un} ⊂ M
Jλ,Hλ ,h′λ
x−,x+ geometrically to broken trajectories(u1,u2) in either

M
J,H
x−,x ×M

Jλ,Hλ,h′λ
x,x+ or M

Jλ ,Hλ,h′λ
x−,x̃ ×M

J̃,H̃
x̃,x+

, with x ∈ CritH or x̃ ∈ CritH̃ , respectively. A non-
autonomous version of the gluing principle shows that near broken trajectories of the above

type there exist unique connecting orbits inM
Jλ,Hλ ,h′λ
x−,x+ . This reveals three possible possible

types of boundaries for the non-compact components, see Figure 3.9. The left and right
diagrams contribute a broken connection to each of the sums in (3.30), whereas the middle
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x+

x−

x+

x x′

x−

x+

x

(J̃, H̃)(J̃, H̃)

(J,H)(J,H) (J,H)

(J̃, H̃)(Jλ,Hλ,h
′
λ)

(Jλ,Hλ,h
′
λ)

(Jλ,Hλ,h
′
λ) (Jλ,Hλ,h

′
λ)

(Jλ,Hλ,h
′
λ) (Jλ,Hλ,h

′
λ)

x̃′ x̃x̃

x−

Figure 3.9: The three types of boundary behavior of non-compact components.

one contributes two broken connections to the sum on the lefthand side, and none to the
righthand side. Consequently, the sums in (3.30) can only differ by an even integer, which
proves the lemma. �

The mappingshk are chain homomorphisms and induce a homomorphismsh∗k on Floer
homology:

h∗k(Jλ,Hλ,h
′
λ) : FH∗(x rel y;J,H,h) → FH∗(x rel y; J̃,H̃, h̃).

From a further analysis of the non-autonomous Cauchy-Riemann equations the standard
procedures in Floer homology theory show that any two homotopies (Jλ,Hλ,h

′
λ) and

(Ĵλ,Ĥλ, ĥ
′
λ) between(J,H,h) and(J̃,H̃, h̃) yield the same homomorphism in Floer homol-

ogy:

LEMMA 3.40. It holds, for any two homotopies(Jλ,Hλ,h
′
λ) and (Ĵλ,Ĥλ, ĥ

′
λ) between

(J,H,h) and(J̃,H̃, h̃), that

h∗k(Jλ,Hλ,h
′
λ) = h∗k(Ĵλ,Ĥλ, ĥ

′
λ).

Moreover, for a homotopy(Jλ,Hλ,h
′
λ) between(J,H,h) and (J̃,H̃, h̃) and a homotopy

(Ĵλ,Ĥλ, ĥ
′
λ) between(J̃,H̃, h̃) and (J̌,Ȟ, ȟ) the induced homomorphism between the Floer

homologies is given by

h∗k : FH∗([x] rel y,J,H,h) → FH∗([x] rel y, J̌,Ȟ, ȟ′),

where h∗k = h∗k(Ĵλ,Ĥλ, ĥ
′
λ)◦h∗k(Jλ,Hλ,h

′
λ).

PROOF. Let (Jλ,Hλ,h
′
λ) and(Ĵλ,Ĥλ, ĥ

′
λ) be two generic homotopies from(J,H,h) to

(J̃,H̃, h̃) andh∗ andĥ∗ the corresponding chain homomorphisms. We will define a sequence
of homomorphismsφk : Ck([x] rel y,H) →Ck+1([x] rel y,H̃) such that

ĥk−hk = ∂k+1(J̃,H̃, h̃)◦φk−φk−1◦∂k(J,H,h). (3.31)

Sinceφ is thus a chain homotopy betweenh andĥ, it follows from standard arguments that
h and ĥ induce the same homomorphisms on homology. We start with thedefinition of
φk. Let Jν

λ ,Hν
λ ,hν

λ, ν ∈ [0,1], be a smooth homotopy between(Jλ,Hλ,h
′
λ) and(Ĵλ,Ĥλ, ĥ

′
λ).

Consider the spaces

Mν
x−,x+

=
{
(ν,u) | ν ∈ [0,1], u ∈ M

Jν
λ ,Hν

λ ,hν
λ

x−,x+

}
,
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for anyx− ∈ CritH([x] rel y) andx+ ∈ CritH̃([x] rel y). For generic homotopiesJν
λ ,Hν

λ ,hν
λ

the spaceMν
x−,x+

is a smooth manifold with boundary of dimension dimMν
x−,x+

= µ(x−)−
µ(x+)+1. If µ(x−)−µ(x+)+1 = 0 thenMν

x−,x+
consists of finitely many pairs(νi ,ui) and

since the ‘ends’ are regular,M
Jν

λ ,Hν
λ ,hν

λ
x−,x+ = ∅ for ν = 0,1. Now define, forx ∈ CritH with

µ(x) = k,
φk(J

ν
λ ,Hν

λ ,hν
λ)x = ∑

x′∈Crit
H̃

µ(x′)=k+1

n(x,x′;Jν
λ ,Hν

λ ,hν
λ)x

′,

where
n(x,x′;Jν

λ ,Hν
λ ,hν

λ) =
[
# Mν

x,x′

]
mod 2∈ Z2.

Let us start witĥhk−hk:
[
ĥk−hk

]
x = ∑

x′′∈Crit
H̃

µ(x′′)=k

(
n
(
x,x′′; Ĵλ,Ĥλ, ĥ

′
λ
)
−n

(
x,x′′;Jλ,Hλ,h

′
λ
))

x′′,

and for∂̃k+1◦φk−φk−1◦∂k:
[
∂̃k+1◦φk−φk−1◦∂k

]
x

= ∑
x′′∈Crit

H̃
µ(x′′)=k

∑
x′∈Crit

H̃
µ(x′)=k+1

n(x,x′;Jν
λ ,Hν

λ ,hν
λ)n(x′,x′′; J̃,H̃, h̃)x′′

− ∑
x′′∈Crit

H̃
µ(x′′)=k

∑
x′∈CritH

µ(x′)=k−1

n(x,x′;J,H,h)n(x′,x′′;Jν
λ ,Hν

λ ,hν
λ)x

′′.

In order to prove that the two expressions are equal modulo 2 we consider the spaces
Mν

x−,x+
with µ(x−) = µ(x+). Then Mν

x−,x+
is a smooth manifold with boundary with

dimMν
x−,x+

= 1. As a matter of factMν
x−,x+

⊂ U1,p(x−,x+), see (3.24), and it is schemat-
ically depicted in Figure 3.10. The connected components are identified with either[0,1],
S1, [0,∞), (−∞,1], or (−∞,∞). Via yet another version of the gluing principle the ‘open’
ends are identified with broken trajectories [30]. Let us go through the different cases in
order to prove the desired identity. Components diffeomorphic to S1 do not contribute to
the above expressions. If a component corresponds to a closed interval[0,1] then the limits

(0,u) and(1,u) lie in M
Jλ,Hλ,h′λ
x−,x+ or M

Ĵλ,Ĥλ,ĥ′λ
x−,x+ respectively. Therefore,

[
n
(
x,x′′; Ĵλ,Ĥλ, ĥ

′
λ
)
−n

(
x,x′′;Jλ,Hλ,h

′
λ
)]

mod 2

counts the ‘closed’ ends modulo 2. For components corresponding to (−∞,∞) we have
to following cases of geometric convergence to the ‘open’ ends: the broken trajectories

(u1,u2) lie in eitherMJ,H,h
x−,x ×M

Jν
λ ,Hν

λ ,hν
λ

x,x+ , or M
Jν

λ ,Hν
λ ,hν

λ
x−,x̃ ×M

J̃,H̃,h̃
x̃,x+

. Figure 3.11 shows the dif-

ferent possibilities. The terms iñ∂k+1◦φk−φk−1 ◦∂k obtain an even contribution from the
ends described in Figure 3.11. Modulo 2 these terms contribute 0 in ∂̃k+1 ◦φk− φk−1 ◦ ∂k.
Finally for components corresponding to[0,∞), or (−∞,1] the broken trajectories also lie in

eitherMJ,H,h
x−,x ×M

Jν
λ ,Hν

λ ,hν
λ

x,x+ , or M
Jν

λ ,Hν
λ ,hν

λ
x−,x̃ ×M

J̃,H̃,h̃
x̃,x+

. Figure 3.12 shows the different possibil-

ities. Clearly, the broken trajectories are balanced by trajectories inM
Jλ,Hλ ,h′λ
x−,x+ or M

Ĵλ,Ĥλ,ĥ′λ
x−,x+ ,
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ν

U1,p(x−,x+)

10

Figure 3.10: A schematic picture ofMν
x−,x+

and the different possible connected components.

(J̃, H̃)

(J,H)(J,H) (J,H)

(J̃, H̃)(Jλ,Hλ,h
′
λ)1

(Jλ,Hλ,h
′
λ)1

(Jλ,Hλ,h
′
λ)1

(Jλ,Hλ,h
′
λ)1

(Jλ,Hλ,h
′
λ)1

(Jλ,Hλ,h
′
λ)1

x− x− x−

x x′ x̃ x̃′ x x̃

x+x+x+

(J̃, H̃)

Figure 3.11: The three types of boundary behavior of non-compact components.

x+

or or
(Ĵλ, Ĥλ, ĥ

′
λ)(Ĵλ, Ĥλ, ĥ

′
λ)

x̃x

x+

x−x−

(Jν
λ ,Hν

λ ,hν
λ)

(Jν
λ,Hν

λ ,hν
λ)

(Jλ,Hλ,h
′
λ)(Jλ,Hλ,h

′
λ)

(J̃, H̃)

(J,H)

Figure 3.12: The two types of boundary behavior of non-compact components.
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and therefore modulo 2 the terms in∂̃k+1 ◦ φk − φk−1 ◦ ∂k add up to
(
ĥk−hk

)
modulo 2,

which proves the identity. The identity implies now thatĥ∗k = h∗k as induced homomor-
phisms in Floer homology.

To prove the composition property we construct yet another homotopy. Let(Jλ,Hλ,h
′
λ)

and(Ĵλ,Ĥλ, ĥ
′
λ) be two homotopies from(J,H,h) to (J̃,H̃, h̃) and form(J̃,H̃, h̃) to (J̌,Ȟ, ȟ)

respectively. Define

(JR
λ ,HR

λ ,hR
λ) =

{ (
Jλ(s+R),Hλ(s+R, ·, ·),h′λ(s+R, ·, ·)

)
for s≤ 0,(

Ĵλ(s−R),Ĥλ(s−R, ·, ·), ĥ′λ(s−R, ·, ·)
)

for s≥ 0,

for R sufficiently large. Using convergence and the gluing principle we conclude that forR
sufficiently large it holds that

hR
k = ĥk ◦hk

wherehk, ĥk are chain homomorphisms corresponding to(Jλ,Hλ,h
′
λ) and (Ĵλ,Ĥλ, ĥ

′
λ) re-

spectively. By the previous we know that the choice of homotopy is arbitrary, and therefore
(hR

k )∗ = ĥ∗k ◦ h∗k is the homomorphism between the homologiesFH∗([x] rel y,J,H,h) and
FH∗([x] rel y, J̌,Ȟ, ȟ′). �

PROOF. (of Proposition 3.37). The properties given by this lemma guarantee thath∗k is
an isomorphism. To be more precise, consider the homotopties

h∗k : FH∗(x rel y;J,H,h) → FH∗(x rel y; J̃,H̃, h̃),

and
h̄∗k : FH∗(x rel y; J̃,H̃, h̃) → FH∗(x rel y;J,H,h),

then
h̄∗k ◦h∗k : FH∗(x rel y;J,H,h) → FH∗(x rel y;J,H,h).

Since a homotopy from(J,H,h) to itself induces the identity homomorphism on homology,
it holds thath̄∗k ◦h∗k = Id. By the same token it follows thathk ◦ h̄∗k = Id, which proves that
h̄∗k = (h∗k)

−1 and therefore the proposition. �

3.9. Admissible triples and independence of the skeleton
By proposition 3.37 the Floer homology of[x] rel y, under the assumption thaty is

smooth andy ∈ CritH for some HamiltonianH ∈ H, is independent of a generic triple
(J,H,h), which justifies the notationFH∗([x] rel y;Z2). It remains to show that, firstly, for
any braid class[x] rel y a triple exists, and thus the Floer homology is defined, and secondly
that the Floer homology only depends on the braid classJx rel yK.

LEMMA 3.41. Lety ∈ Ωm∩C3, then there exists a Hamiltonian H∈H such thaty ∈ CritH .
In particular, wheny is smooth, then H can be chosen to be inH∩C∞.

PROOF. Let y = {yk}m
k=1 and defineHk(t,x) =

〈
yk

t ,J0x
〉
, which is aC2-function on

R×R
2. Note thatHk(t +1,x) = Hσ(k)(t,x), andHk is smooth ify is smooth. The strandyk

is a solution of the Hamilton equations forHk. This construction works for anyk= 1, . . . ,m.
Define tubular neighborhoodsAk

ε =
⋃

t∈R Bε(yk(t)) ⊂ R×D
2, andDε = {x∈ D

2 | 1− ε <
|x| ≤ 1}. Chooseε > 0 so small that the sets{Ak

ε}m
k=1 andDε are all disjoint.
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Define a cut-off functionλε ∈ C∞([0,∞),R) such thatλ(r) = 1 for 0≤ r ≤ ε/4 and
λ(r) = 0 for r ≥ ε/2. Let λk

ε(t,x) = λε(|x− yk(t)|). Thenλk
ε is aC3 function with support

in Ak
ε, andλk

ε(t +1,x) = λσ(k)
ε (t,x).

Now define

H(t,x)
def
=

m

∑
k=1

λk
ε(t,x)H

k(t,x).

We claim thatH ∈ H. Indeed,

H(t +1,x) =
m

∑
k=1

λk
ε(t +1,x)Hk(t +1,x)

=
m

∑
k=1

λσ(k)
ε (t,x)Hσ(k)(t,x) = H(t,x).

By the construction ofH, it holds thatyk
t = XHk(t,yk) = XH(t,yk), sinceH restricts toHk in

a neighborhood ofyk. �

Lemma 3.41 establishes that the Floer homologyFH∗([x] rel y) is defined for any
proper relative braid class[x] rel y∈Ωn rel y with y∈Ωm∩C∞. In order to refer to the Floer
homology as an invariant we need to establish independence of the braid class inJx rel yK,
i.e. the Floer homology is the same for any two relative braidclasses[x] rel y, [x′] rel y′such
thatJx rel yK = Jx′ rel y′K. This leads to the first main result of this paper.

THEOREM 3.42. Let Jx rel yK be a proper relative braid class. It holds that

FH∗([x] rel y) ∼= FH∗([x]′ rel y′),

for any two fibers[x] rel y and [x′] rel y′ that are both inJx rel yK. In particular,

FH∗(Jx rel yK;Z2)
def
= FH∗([x] rel y)

is an invariant ofJx rel yK.

PROOF. Let y,y′ ∈ Ωm∩C∞ and let(x(λ),y(λ)), λ ∈ [0,1] be a smooth path9 Jx rel yK
which connects the pairsx rel y and x′ rel y′. Since x(λ) rel y(λ) ∈ Jx rel yK, for all
λ∈ [0,1], the setsNλ = [x(λ)] rel y(λ) are isolating neighborhoods for allλ. Choose smooth
HamiltoniansHλ such thaty(λ) ∈ CritHλ . The construction in the proof of Lemma 3.41 al-
lows us to constructHλ such thatHλ depends smoothly on the parameterλ. There are two
philosophies one can follow now to prove this theorem. On theone hand, using the gener-
icity theory in Section 3.7 (Corollary 3.34) we can choose a generic family(Jλ,Hλ,h

′
λ), for

any smooth homotopy of almost complex structuresJλ. Then by repeating the proof (of
Proposition 3.37) for this homotopy, we conclude that

FH∗([x] rel y) ∼= FH∗([x′] rel y′).

On the other hand, without having to redo to homotopy theory we note that the set
SJλ ,Hλ([x(λ)] rel y(λ)) is compact and isolated inNλ. Due to compactness and isolation
there exists anελ for eachλ ∈ [0,1] such thatNλ isolatesS(x(λ′) rel y(λ′)) for all λ′ in

9A property of the braid classJx rel yK is that continuous paths can be approximated arbitrarily close by
smooth paths.
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[λ− ελ,λ + ελ]. Fix λ0 ∈ (0,1), then, by arguments similar to those used in the proof of
Proposition 3.37, we have

FH∗(Nλ0
,Jλ0

,Hλ0
,hλ0

) ∼= FH∗(Nλ0
,Jλ′ ,Hλ′ ,hλ′),

for all λ′ ∈ [λ0 − ελ0
,λ0 + ελ0

]. A compactness argument shows that, forε′λ0
sufficiently

small, the sets of bounded solutionsMJλ′ ,Hλ′ ,hλ′ (Nλ′) andMJλ′ ,Hλ′ ,hλ′ (Nλ0
) are identical, for

all λ′ ∈ [λ0− ε′λ0
,λ0 + ε′λ0

]. Together these imply that

FH∗
(
[x(λ′) rel y(λ′)]

) ∼= FH∗
(
[x(λ0) rel y(λ0)]

)

for |λ′−λ0| ≤ min{ελ0
,ε′λ0

}. Since[0,1] is compact, any covering has a finite subcovering,
which proves thatFH∗([x] rel y) ∼= FH∗([x′] rel y′).

Finally, since any skeletony in π(Jx rel yK) can be approximated by a smooth skeleton
y′, the isolating neighborhoodN = π−1(y)∩ Jx rel yK is also isolating fory′, i.e., we can
defineFH∗(N)

def
= FH∗(N′). This definesFH∗([x] rel y) = FH∗(N) for anyy∈ π(Jx rel yK).

�



CHAPTER 4

Properties and applications

4.1. Properties and interpretation of the braid class invariant
The braid class invariantFH∗(Jx rel yK) for proper relative braid classes has specific

properties with respect to braided solutions of the Hamilton equations (3.1) on the 2-disc
D

2; non-triviality of the invariant yields braided solutions.

THEOREM 4.1. Let H∈ H and lety ∈ CritH(Ωm
). Let Jx rel yK be a proper relative braid

class. If

FH∗(Jx rel yK) 6= 0,

thenCritH([x] rel y) 6= ∅.

PROOF. Let Hn ∈ H be a sequence of Hamiltonians such thatHn → H in H, i.e. con-
vergence inC2(R/Z×D

2;R). If FH∗(Jx rel yK) 6= 0, thenC∗([x] rel y,Hn;Z2) 6= 0, for any
n since

H∗
(
C∗([x] rel y,Hn;Z2),∂∗

) ∼= FH∗(Jx rel yK) 6= 0,

where∂∗ = ∂∗(J,Hn,hn) (see Section 3.8). Consequently, CritHn([x] rel y) 6= ∅. The strands
xk

n satisfy the equationxk
n
′
= XHn(t,x

k
n) and therefore‖xk

n‖C1([0,1]) ≤C. By the compactness
of C1([0,1]) →֒ C0([0,1]) it follows that (along a subsequence)xk

n → xk ∈ C0([0,1]). The
right hand side of the Hamilton equations now converges, i.e., XHn(t,x

k
n(t)) → XH(t,x(t))

pointwise int ∈ [0,1], and thus alsoxk
n → xk in C1([0,1]). This holds for any strandxk and

therefore produces a limitx ∈ CritH([x] rel y), which proves the theorem. �

Let βk = dimFHk(Jx rel yK;Z2) be theZ2-Betti numbers of the braid class invariant. Its
Poincaré series is defined as

Pt(Jx rel yK) = ∑
k∈Z

βk(Jx rel yK)tk.

A fundamental property of the braid class invariant can be expressed as follows.

THEOREM 4.2. Let Jx rel yK be a proper relative braid class. Then, there exists an integer
n0 ≥ 0 such that

tn0Pt(Jx rel yK) ∈ Z
+[t],

i.e. tn0Pt is polynomial with coefficients inZ+.

109
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PROOF. Assume without loss of generality thaty is a smooth skeleton and choose
a smooth generic HamiltonianH such thaty ∈ CritH . Since the Floer homology is the
same for all braid classes[x] rel y ∈ Jx rel yK and all HamiltoniansH satisfying the above,
FH∗([x] rel y,J,H,h) ∼= FH∗(Jx rel yK). Let ck = dimCk, then by definition of the Betti
numbers

ck([x] rel y,H) ≥ dimkerCk ≥ βk([x] rel y,J,H,h) = βk(Jx rel yK).

SinceH is generic, all critical points are non-degenerate, and it follows from compactness
that ∑k ck < ∞. Thereforeck < ∞, andck 6= 0 for finitely manyk. By the above bound
βk ≤ ck < ∞, which proves the finiteness of the Floer homology. Now choosen0 = min{n≥
0 | ck = 0, ∀k < −n} > 0, which completes the proof. �

In the case thatH is a generic Hamiltonian a more detailed result follows. Both⊕
k FHk(Jx rel yK;Z2) and

⊕
kCk([x] rel y,H;Z2) are gradedZ2-modules and their Poincaré

series are well-defined and

Pt
(
CritH([x] rel y)

)
= ∑

k∈Z

ck([x] rel y,H)tk,

whereck = dimCk([x] rel y,H;Z2).

THEOREM 4.3. Let Jx rel yK be a proper relative braid class and H a generic Hamiltonian
such thaty ∈ CritH 1 for a given skeletony. Then

Pt
(
CritH([x] rel y)

)
= Pt(Jx rel yK)+ (1+ t)Qt, (4.1)

where Qt ≥ 0. In addition,# CritH([x] rel y) ≥ P1(Jx rel yK).

PROOF. Let y′ be a smooth skeleton that approximatesy arbitrarily close inC2 and let
H ′ be an associated smooth generic Hamiltonian. We start by proving (4.1) in the smooth
case. DefineZk = ker∂k, Bk = im ∂k+1 andBk ⊂ Zk ⊂Ck([x] rel y′,H ′) by the fact that∂∗ is
a boundary map. This yields the following short exact sequence

0
Id−−−−→ Bk

ik−−−−→ Zk
jk−−−−→ FHk =

Zk

Bk

0−−−−→ 0.

The mapsik and jk are defined as follows:ik(x) = x and jk(x) = {x}, the equivalence class
in FHk. Exactness is satisfied since kerik = 0 = im Id, ker jk = Bk = im ik and ker0=
FHk = im jk. Upon inspection of the short exact sequence we obtain that

dimZk = dimBk +dimFHk.

Indeed, by exactness,Zk ⊃ ker jk = Bk and im jk = FHk (onto) and therefore dimZk =
dimker jk +dimim jk = dimBk +dimFHk. Similarly, we have the short exact sequence

0
Id−−−−→ Zk

ik−−−−→ Ck
∂k−−−−→ Bk−1

0−−−−→ 0.

HenceCk
∼= Zk⊕Bk−1, and it holds that

dimCk = dimZk +dimBk−1.

1We do not assume thaty is a smooth skeleton!
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Combining these equalities gives dimCk = dimFHk + dimBk−1 + Bk. On the level of
Poincaré series this gives

Pt(⊕kCk) = Pt(⊕kFHk)+ (1+ t)Pt(⊕kBk),

which proves (4.1) in the case of smooth skeletons.
Now choose sequencesyn → y andHn → H in C2 (Hn generic). For eachn the above

identity is satisfied and since alsoH is generic (by assumption), it follows from hyperbol-
icity that Pt

(
CritHn([x] rel yn)

)
= Pt

(
CritH([x] rel y)

)
for n large enough. This then proves

(4.1). Using the fact that all series are positive, the substitution t = 1 gives the lower bound
on the number of stationary braids. �

An important question is whetherFH∗(Jx rel yK) also contains information about
CritH([x] rel y) in the non-generic case besides the result in Theorem 4.1. In[34] such
a result was indeed obtained for the Conley index of discretized relative braid classes, and
a detailed study of the spectral properties of stationary braids will most likely reveal a sim-
ilar property here. We conjecture that # CritH([x] rel y) ≥ length

(
FH∗(Jx rel yK)

)
, where

length(FH∗) equals the number of monomial terms inPt(Jx rel yK)
)
.

4.2. Homology shifts and Garside’s normal form
In this section we show that composing a braid class with fulltwists yields a shift in

Floer homology.

Full twists and homology shifts

In the Definition 3.25 the Conley-Zehnder index of a stationary braid x ∈ CritH was
defined as the permuted Conley-Zehnder index of the symplectic pathΨ : [0,1]→Sp(2n,R)
defined by

dΨ
dt

−J0d2H(t,x(t))Ψ = 0, Ψ(0) = Id. (4.2)

Consider the symplectic pathS : [0,1] → Sp(2,R) defined byS(t) = e2πJ0t , which rotates
the variables over 2π ast goes from 0 to 1. On the productR

2×·· ·×R
2 ∼= R

2n this yields
S(t) = e2πJ0t , which is a path in Sp(2n,R). Let x̂ = S(t)x, or equivalentlyx = S(−t)x̂, then
x̂ ∈ CritĤ , whereĤ(t, x̂) = H(t,e−2πJ0t x̂)+π|x̂|2−π andĤ ∈ H. Indeed, upon substitution
in (3.1) we obtain the transformed Hamilton equations forx̂:

x̂k
t −e2πJ0tJ0∇H(t,e−2πJ0t x̂k)−2πJ0x̂k = 0, (4.3)

which are the Hamilton equations for̂H. There exists a relation between the Conley-
Zehnder indicesµ(x) andµ(x̂):

LEMMA 4.4. Letx ∈ CritH and x̂ = S(t)x, with x̂ ∈ CritĤ , then

µ(x̂) = µ(x)+2n, (4.4)

where n equals the number of strands inx. More generally, for any g∈ Z and x̂ = S
g
(t)x it

holds that µ(x̂) = µ(x)+2ng.
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PROOF. In order to compute the Conley-Zehnder index ofx̂ we linearize Equation (4.3)
in x̂, which yields

dΨ̂
dt

−S(t)J0d2H(t,S(−t)x̂(t))S(−t)Ψ̂−2πJ0Ψ̂ = 0, Ψ̂(0) = Id.

One verifies thatΨ in Equation (4.2) and̂Ψ are related as follows:Ψ = S(−t)Ψ̂. From
Lemma 3.22 and the fact thatµ(e2πJ0t) = 2, it follows that

µ(x̂) = µσ(Ψ̂,1) = µ(SΨ,1)

= µσ(Ψ,1)+µ(S) = µσ(Ψ,1)+nµ(e2πJ0t)

= µ(x)+2n.

The proof of the second statement is a straightforward generalization of this argument. �

Consider the braid classJx rel yK and define the rotation

(x̂, ŷ) := S
g
(t)(x,y) =

(
S

g
n(t)x,S

g
m(t)y

)
,

Via the rotationS
g

we can relate the Floer homologies ofJx rel yK with HamiltonianH and
Jx̂ rel ŷK with HamiltonianĤ via the index shift in Lemma 4.4. Since the Floer homologies
do not depend on the choice of Hamiltonian we obtain the following relation.

THEOREM 4.5. Let Jx rel yK be a proper relative braid class and letJx̂ rel ŷK be as defined
above. Then

FHk(Jx̂ rel ŷK) ∼= FHk−2ng(Jx rel yK), ∀k∈ Z,

for any g∈ Z.

PROOF. The Floer homology forJx rel yK is defined by choosing a generic Hamiltonian
H. From Lemma 4.4 we have thatµ(x̂) = µ(x)+2ng and therefore

Ck([x̂] rel ŷ,Ĥ;Z2) = Ck−2ng([x] rel y,H;Z2).

Since the solutionŝu ∈ MJ,Ĥ ,ĥ are obtained from the solutionsu ∈ MJ,H,h via û = S
g
n(t)u,

it also holds that
∂k(J,Ĥ, ĥ) = ∂k−2ng(J,H,h),

and thusFHk(Jx̂ rel ŷK) ∼= FHk−2ng(Jx rel yK). �

Garside’s normal form

For a given braidx ∈ Ωn denote byβ(x) ∈ Bn a representation ofx in the braid group,
and letβi be the positive generators ofBn. For any given closed braidx ∈ Ωn there exists a
unique representation of the form

β(x) = ∆g ·β+ = β̂+ ·∆g, g∈ Z, β+ ∈ Sn, (4.5)

where∆ = (β1 · · ·βn−1)(β1 · · ·βn−2) · · · (β1β2)β1 represents a (positive) half-twist, or Gar-
side element, in braid groupBn andβ+ is a unique word inSn, the semi-group of positive
braids inBn. The wordβ̂+ is found fromβ+ by replacing allβi by βn−i . The integerg
is called thepowerof β, andβ+ the tail of β. Equation (4.5) is referred to as theGarside
normal formof β, see e.g. [13], [33]. Roughly speakingg is the largest integer such that
∆−g ·β(x) is equivalent inBn to a positive braid word. The unique choice of the positive
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word β+ follows from the algorithm, see [13], [33]. The Garside normal form provides a
solution to the word problem inBn: two wordsβ,β′ ∈ Bn are equivalent inBn if and only
if their Garside normal forms coincide.

For example considerB3 with generatorsβ1 andβ2 and consider the wordβ = β1β−1
2 ;

its Garside normal form is given by

β = ∆−1 ·β2
2β1 = β2

1β2 ·∆−1.

SinceΩn consists of equivalence classes of closed braids, the braidclass[x] corresponds to
theconjugacyclass of[β(x)] in the braid groupBn. For instance the wordsβ = β1β−1

2 and
β′ = β−1

2 β1 are conjugate inB3 but the left normal forms are different:

β = ∆−1 ·β2
2β1, β′ = ∆−1 ·β2β2

1.

Clearly, the Garside normal form is not a normal form for conjugacy classes and therefore
not suited to solving the conjugacy problem inBn. However, in a similar spirit one can
derive normal forms for conjugacy classes from Garside’s normal form. These are used to
solve the more complicated conjugacy problem, see e.g. [13], [33].

A second unique normal form of a braidx ∈ Ωn is obtained by consideringfull twists:

β(x) = 2
⌊g/2⌋ · (∆rβ+), g∈ Z, β+ ∈ Sn, (4.6)

where2 = ∆2 = (β1 · · ·βn−1)
n represents a full twist, and generates the center of the braid

groupBn, ⌊g/2⌋ is the largest integer less or equal tog/2, andr = g− 2⌊g/2⌋ ∈ {0,1}.
This form is derived from the Garside normal form forβ. Slightly abusing terminilogy, we
will again call this the Garside normal form. Since full twists generate the center ofBn they
commute with all elements inBn.

LEMMA 4.6. Letx, x̂ ∈ Ωn be such thatβ(x̂) = 2
ℓ ·β(x), for someℓ ∈ Z. ThenS

ℓ
(t)x ∈ [x̂].

If ℓ is sufficiently large thenβ(x̂) is conjugate to a positive braid word and[x̂] is a positive
braid class.

PROOF. Define the homotopyλ 7→ x1+(ε−1)λ in [x], λ ∈ [0,1], where

x1+(ε−1)λ(t) =

{
x
(
t/(1+(ε−1)λ)

)
for t ∈ [0,1+(ε−1)λ]

x(1) for t ∈ [1+(ε−1)λ,1].

If ε > 0 is sufficiently small thenβ(S
ℓ
(t)xε) is a composition ofβ(xε) = β(x) with ℓ full

twists:

β
(
S

ℓ
(t)xε

)
= 2

ℓ ·β(xε) = 2
ℓ ·β(x) = β(x̂).

By constructionS
ℓ
(t)x1+(ε−1)λ is a path inΩn, and thereforeS

ℓ
(t)x is homotopic toS

ℓ
(t)xε,

i.e.,
[
S

ℓ
(t)xε

]
=

[
S

ℓ
(t)x

]
, and consequently

β
(
S

ℓ
(t)x

)
= β

(
S

ℓ
(t)xε

)
= β(x̂),

which proves thatS
ℓ
(t)x ∈ [x̂]. From (4.6) we chooseℓ = −⌊g/2⌋, which then guarantees

thatβ(x̂) represents a positive conjugacy class. �
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If we apply the above tox∪y, we obtain a minimal integerℓ such that

β(x+ ∪y+) = 2
ℓ ·β(x∪y)

is a positive braid, and for the pair(x̂, ŷ) = S
ℓ
(t)(x,y) it holds thatx̂ rel ŷ ∈ Jx+ rel y+K.

This yields the following theorem that relates the Floer homology of arbitrary proper braid
classes to the Floer homology of proper positive relative braid classes.

THEOREM 4.7. Let Jx rel yK be a proper relative braid type, and its Garside normal form
be given byβ(x∪y) = 2

−ℓ ·β(x+∪y+). ThenJx+ rel y+K is a proper positive relative braid
class, and

FHk(Jx rel yK) ∼= FHk+2nℓ(Jx+ rel y+K), for all k ∈ Z.

PROOF. Let (x̂, ŷ) = S
ℓ
(t)(x,y), then by Lemma 4.6̂x rel ŷ ∈ Jx+ rel y+K, and since

FH∗ is an invariant ofJx+ rel y+K it follows that FHk(Jx+ rel y+K) ∼= FHk(Jx̂ rel ŷK). By
Theorem 4.5,FHk(Jx̂ rel ŷK) ∼= FHk−2nℓ(Jx rel yK), which proves the second part of the
theorem.

We still need to prove thatJx+ rel y+K is proper. Suppose, by contradiction, that
Jx+ rel y+K is not proper. Then there is a fiber[x+] rel y+ ⊂ Jx+ rel y+K such that there
is a “collapsing” continuous pathxs, s∈ [0,1], i.e.,xs ∈ [x+] rel y+ for s∈ [0,1), whereas
x1 ∈ (Σ− rel y+)∪∂D

2.
Let us define theℓ-rotated extension ofx as

Eℓ(x)(t) =

{
x(2t) 0≤ t ≤ 1

2,

S
ℓ
(2(t − 1

2))x(1) 1
2 ≤ t ≤ 1.

For any integerℓ and any braidx, the rotated extensionEℓ(x) is again a braid, since
Eℓ(x)k(1) = xk(1) = xσ(k)(0) = Eℓ(x)σ(k)(0). Similarly, if x rel y is a relative braid, then
Eℓ(x∪y) is a braid, henceEℓ(x) rel Eℓ(y) is again a relative braid.

We conclude thatE−ℓ(xs) is a collapsing path in the fiber[E−ℓ(x+)] rel E−ℓ(y+) ⊂
Jx rel yK, contradicting the properness of the relative braid classJx rel yK. �

4.3. Cyclic braid classes and their Floer homology
In this section we compute the Floer homology groups of various braid classes of cyclic

type. The cases we consider here can be computed by continuing the skeleton and the
Hamiltonians to a Hamiltonian system for which the space of bounded solutions can be
determined.

Symplectic polar coordinates

Writing x = p+ iq, consider Hamiltonians of the form

H(x) = F(|x|)+ φδ(|x|)G
(
arg(x)

)
, (4.7)

where arg(x) = θ is the argument andG(θ+2π) = G(θ). The cut-off functionφδ is chosen
such thatφδ(|x|) = 0 for |x| ≤ δ and|x| ≥ 1− δ, andφδ(|x|) = 1 for 2δ ≤ |x| ≤ 1−2δ. In
the special case thatG(θ) ≡ 0, then the Hamilton equations are given by

xt = i ∇H(x) = i
F ′(|x|)
|x| x.
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Solutions of the Hamilton equations are then given byx(t) = r exp(i F ′(r)
r t), wherer = |x|.

This yields a relation between the periodT and the radiusr: T = 2πr
F ′(r) . SinceH is au-

tonomous, all solutions of the Hamilton equations occurs ascircles of solutions. We next
perform a natural change of coordinates. The Cauchy-Riemann equations are given by

us+J0ut + ∇H(u) = 0. (4.8)

Choose symplectic polar coordinates(I ,θ) via the relationsp =
√

2I cosθ, q =
√

2I sinθ,
i.e. I = 1

2r2, and defineĤ(I ,θ) = H(p,q). In particular,

Ĥ(I ,θ) = F(
√

2I)+ φδ(
√

2I)G(θ).

Under this symplectic change of coordinates the Cauchy-Riemann equations become

Is−2Iθt +2I ĤI(I ,θ) = 0,

θs+
1
2I

It +
1
2I

Ĥθ(I ,θ) = 0.

If we restrictx to the annulusA2δ = {x∈ D
2 : 2δ ≤ |x| ≤ 1−2δ}, the particular choice of

H described above yields

Is−2Iθt +
1√
2I

F ′(
√

2I) = 0,

θs+
1
2I

It +
1
2I

G′(θ) = 0.

Before giving a general result for braid classes for whichx is a single-strand rotation we
employ the above model to get insight into the Floer homologyof the annulus.

Floer homology of the annulus

As for the 2-disc we can consider an annulusA = Aδ with HamiltoniansH satisfying
the hypotheses:

(a1) H ∈C2(R×R
2;R);

(a2) H(t +1,x) = H(t,x) for all t ∈ R and allx∈ R
2;

(a3) H(t,x) is independent ofx on each of the components of the boundary∂A.

This class of Hamiltonians is denoted byH(A). Hypothesis (a3) expresses that the bound-
ary ∂A is invariant under the Hamiltonian flow. The boundary orientation on∂A is the
canonical Stokes orientation, and the orientation form on∂A is given byλ = inω0, with n
the outward point normal. We will consider the Floer homology of the annulus in the case
thatH has prescribed behavior on∂A, namely

(a4+) iXH λ > 0 on∂A;
(a4−) iXH λ < 0 on∂A.

The class of Hamiltonians that satisfy (a1)-(a4+) is denoted byH+, and those satisfying
(a1)-(a4−) are denoted byH−. For Hamiltonians inH+, the boundary orientation induced
by XH is coherent with the canonical orientation of∂A, while for Hamiltonians inH− the
boundary orientation induced byXH is opposite to the canonical orientation of∂A.

For pairs(J,H) ∈ J+ ×H+(A) the Floer homologyFH∗(A;J,H) denotes the Floer
homology for contractible loops inA. For Hamiltonians of the form (4.7) it can also be
interpreted as the Floer homology of the space of single strand braidsx that wind zero times
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around the annulus, i.e., any constant strand is a representative. In view of condition (a4±)
this braid class can be seen as a proper braid class.

THEOREM 4.8. The Floer homology FH∗(A;J,H) is independent of the choice of the pair
(J,H) ∈ J+ ×H+(A), and it is denoted by FH∗(A;H+). Moreover, there is a natural
isomorphism

FHk(A;H+) ∼= Hk+1(A) =

{
Z2 for k = −1,0,

0 otherwise,

where H∗(A) denotes the singular homology of the annulus with coefficients in Z2. Simi-
larly, for the pairs(J,H) ∈ J+ ×H−(A) the Floer homology FH∗(A;J,H) is denoted by
FH∗(A;H−) and there is a natural isomorphism

FHk(A;H−) ∼= Hk(A) =

{
Z2 for k = 0,1,

0 otherwise.

PROOF. We sketch the main arguments; for more details we refer to [64]. Let us start
with Hamiltonians in the classH+. ConsiderA = Aδ and chooseH = F + φδG as in (4.7),

with F(r) = 1
2

(
r − 1

2

)2
andG(θ) = εcos(θ). Using the symplectic polar coordinates we

obtain that, with∇g denoting the gradient in symplectic polar coordinates,

∇gĤ(I ,θ) =

(
2I − 1

2

√
2I + ε

√
2Iφ′δ(

√
2I)cos(θ)

− ε
2I φδ(

√
2I )sin(θ)

)
.

For 1
2δ2 ≤ I ≤ 2δ2 and for 1

2(1− 2δ)2 ≤ I ≤ 1
2(1− δ)2 it holds that|

√
2I − 1

2| ≥ 1
2 − 2δ,

and thus if we chooseε sufficiently small all zeroes of∇gĤ in A = Aδ in fact lie inside the
smaller annulusA2δ. The zeroes of∇gĤ are thus found atI = 1

8 andθ = 0,π, which are
both non-degenerate critical points. Linearization yields

d∇gĤ
(

1
8,0

)
=

(
1 0
0 −4ε

)
, and d∇gĤ

(
1
8,π

)
=

(
1 0
0 4ε

)
,

i.e., a saddle point (index 1) and a minimum (index 0) ofH, respectively. It follows from the
results and definitions in Section 3.6 that forτ sufficiently small the Conley-Zehnder indices
of the associated symplectic paths defined byΨt = J0d∇gĤΨ areµσ(Ψ,τ) = 0,1. Therefore
the indexµτ(I ,θ) = −µσ(Ψ,τ) = 0,−1 for (I ,θ) equal to(1

8,0) and(1
8,π), respectively.

Next consider Hamiltonians of the formτH and the associated Cauchy-Riemann equa-
tions areus + J0ut + τ∇H(u) = 0. Rescaleτs → s, τt → t and u(s/τ, t/τ) → u(s, t),
then this function satisfies the Cauchy-Riemann equations (4.8), again with periodicity
u(s, t + τ) = u(s, t). The 1-periodic solutions of the Cauchy-Riemann equationswith τH
are transformed toτ-periodic solutions of (4.8). Note that ifτ is sufficiently small then all
τ-periodic solutions of the stationary Cauchy-Riemann equations (4.8) are independent of
of t and thus critical points ofH, see [64].

If we linearize aroundt-independent solutions of (4.8) thendds+d∇H(u(s)) is Fredholm
and thus also

∂̄K,∆ =
∂
∂s

+J
∂
∂t

+K,

with K = d∇H(u(s)), is Fredholm, see [64]. We claim that ifτ is sufficiently small then
all contractibleτ-periodic bounded solutionsu(s, t + τ) = u(s, t) of (4.8) aret-independent,
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i.e., solutions of the equationus = −∇H(u). Let us sketch the argument following [64].
Assume by contradiction that there exists a sequence ofτn → 0 and bounded solutionsun

of Equation (4.8). If we embedA into the 2-discD2 we can use the compact results for
the 2-disc. One can assume without loss of generality thatun ∈ MJ0,H(A;τ) = MJ0,τH(A).
Following the proof in [64] we conclude that forτ > 0 small all solutions inM are t-
independent. The system(J,H)can be continued to(J0,τH) for which we knowMJ0,τH(A)
explicitly via us+ τ∇H = 0 and gives the desired homology.

As for Hamiltonians inH−, we chooseF(r) = −1
2

(
r − 1

2

)2
. The proof is identical

to the previous case except for the indices of the stationarypoints. Here we have that
µτ(I ,θ) = −µσ(Ψ,τ) = 1,0 for (I ,θ) equal to(1

8,0) and(1
8,π), respectively, which gives

the asserted homology. �

Floer homology for single-strand cyclic braid classes

We apply the results in the previous subsection to compute the Floer homology of fam-
ilies of cyclic braid classesJx rel yK. The skeletonsy consist of two braid componentsy1

andy2, which are given by (in complex notation)

y1 =
{

r1e
2πn
m it , r1e

2πn
m i (t+1), . . . , r1e

2πn
m i (t+m−1)

}
,

y2 =
{

r2e
2πn′
m′ it , r2e

2πn′
m′ i (t+1), . . . , r2e

2πn′
m′ i (t+m′−1)

}
,

where 0< r1 < r2 < 1, m,m′ ∈ N andn,n′ ∈ Z, andn 6= 0, m≥ 2; without loss of gener-
ality, we take both(n,m) and(n′,m′) relative prime. In the braid groupBm the braidy1 is
represented by the word(σ1 · · ·σm−1)

n, and similarly fory2. In order to describe the rela-
tive braid classJx rel yK with the skeleton defined above we consider a single strand braid
x = {x1(t)} with

x1(t) = re2πℓit

where 0< r1 < r < r2 < 1 andℓ ∈ Z. We now consider two cases for whichx rel y is a
representative.

Note that we cannot “continue” the homology of such a braid class to the case of con-
tractible loops as is done in Floer homology of symplectic manifolds [29], since the free
strandsx in Jx rel yK are not contractible. However, by employing the result about compos-
ing braids with full twist, we can relate the Floer homology of these relative braid classes
to a situation in which the free strands are contractible.

The casen
m < ℓ < n′

m′ . The relative braid classJx rel yK is a proper braid class, since the
inequalities are strict andn 6= 0, m 6= 1. We have

LEMMA 4.9. For n
m < ℓ < n′

m′ the Floer homology ofJx rel yK is given by

FHk(Jx rel yK,Z2) =

{
Z2 for k = −2ℓ−1,−2ℓ

0 otherwise.

The Poincaŕe polynomial is given by Pt(Jx rel yK) = t−2ℓ−1+ t−2ℓ.

PROOF. SinceFH∗(Jx rel yK,Z2) is independent of the representative we consider the
class[x] rel y with x and y as defined above. Apply−ℓ full twists to x rel y: (x̂, ŷ) =
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S
−ℓ

(x,y). Then by Theorem 4.5

FHk(Jx̂ rel ŷK) ∼= FHk+2ℓ(Jx rel yK). (4.9)

We now compute the homologyFHk(Jx̂ rel ŷK) using Theorem 4.8. The free strandx̂,
given by x̂1(t) = r, in x̂ rel ŷ is unlinked with the ˆy1. Consider an explicit Hamiltonian
H(x) = F(|x|). ChooseF such thatF(r1) = F(r2) = 0 and

F ′(r1)

2πr1
=

n
m
− ℓ < 0, and

F ′(r2)

2πr2
=

n′

m′ − ℓ > 0. (4.10)

Clearlyy∈CritH and the circles|x|= r1 and|x|= r2 are invariant for the Hamiltonian vector
field XH . It is not too difficult to conclude thatMJ0,H([x̂] rel y) = MJ0,H(A). It follows
from (4.10) thatH ∈ H+, and by Theorem 4.8 it follows that the only non-zero homology
groups areFH−1([x̂] rel ŷ)∼= FH−1(A;H+) = Z2 andFH0([x̂] rel ŷ)∼= FH0(A;H+) = Z2.
This proves, using (4.9), thatFH−2ℓ−1([x] rel y) = Z2 andFH−2ℓ([x] rel y) = Z2, which
completes the proof. �

The casen
m > ℓ > n′

m′ . The relative braid classJx rel yK with the reversed inequalities is
also a proper braid class. We have

LEMMA 4.10. For n
m > ℓ > n′

m′ the Floer homology ofJx rel yK is given by

FHk(Jx rel yK,Z2) =

{
Z2 for k = −2ℓ,−2ℓ+1

0 otherwise.

The Poincaŕe polynomial is given by Pt(Jx rel yK) = t−2ℓ + t−2ℓ+1.

PROOF. The proof is almost identical to the proof of Lemma 4.9. Because the inequal-
ities are reversed we construct a Hamiltonian such that

F ′(r1)

2πr1
=

n
m
− ℓ > 0, and

F ′(r2)

2πr2
=

n′

m′ − ℓ < 0.

This yields a Hamiltonian inH− and we therefore repeat the above argument using the
homologyFH∗(A;H−). �

REMARK 4.11. If we define the Floer homology for braid classes with respect to the conju-
gate Cauchy-Riemann equations by reflecting the times→−s, the homology in the Lem-
mas 4.9 and 4.10 becomes

FHk(Jx rel yK,Z2) =

{
Z2 for k = 2ℓ,2ℓ+1

0 otherwise,

when n
m < ℓ < n′

m′ , and

FHk(Jx rel yK,Z2) =

{
Z2 for k = 2ℓ−1,2ℓ

0 otherwise,

when n
m > ℓ > n′

m′ . This agrees with the calculations in [34] for positive relative braid classes.
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Applications to disc maps

Let Ψ = x(1;·) : D
2 → D

2 be the time-1 map for a Hamiltonian systemxt = XH on
(D2,ω0) with H ∈ H(D2). ThenΨ is an area and orientation preserving map (diffeomor-
phism) of the 2-discD2. Let us assume thatΨ has two periodic points of periodsm and
m′ such that the braids associated to them via the Hamiltonian flow, form a braidy′ of the
cyclic type described above. Then we have the following forcing result.

THEOREM 4.12. Let y′ ∈ [y], with y as described above withnm 6= n′
m′ . Assume thaty′ ∈

CritH , then for any l∈ Z such that

n
m

< l <
n′

m′ , or
n
m

> l >
n′

m′ ,

the associated time-1 mapΨ has a fixed point, distinct for each l.

PROOF. The existence of a stationary relative braid follows from Theorem 4.1, since
by Lemmas 4.9 and 4.10 the Floer homology ofJx rel yK is non-trivial. A stationary strand
x yields a fixed point forΨ. �

As a direct consequence of Theorem 4.12 we obtain the following corollary.

COROLLARY 4.13. Let y′ ∈ [y], with y as described above withnm 6= n′
m′ . Assume that

y′ ∈ CritH , then for any l∈ Z and k∈ N such that

n
m

<
l
k

<
n′

m′ , or
n
m

>
l
k

>
n′

m′ ,

the associated time-1 mapΨ has a k-periodic point, i.e.Ψk(x) = x (distinct for each l).

PROOF. Consider the HamiltoniankH, then the time-1 map associated with Hamilton-
ian systemxt = XkH is equal toΨk. Applying Theorem 4.12 gives the desired result. �

REMARK 4.14. As pointed out in Section 4.1, we conjecture that the Floer homology im-
plies the existence of at least two fixed points. This agrees with Figure 4.1, where one sees
centers and hyperbolic points occurring in pairs for an example of a map with period-5
points.

Finally, we note that the results described above could alsobe derived using Thurston-
Nielsen theory.
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Figure 4.1: The 5-periodic points circle around the skeletal points and the 5-periodic points
occur in pairs, i.e. saddle-like and elliptic points .
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Samenvatting

Braids, Floer homologie en forcing in twee en drie dimensionale dynamica

Dit proefschrift behandelt methoden om laag-dimensionaledynamische systemen te
onderzoeken door gebruik te maken van de specifieke topologische structuren die relevant
zijn in twee en drie dimensies. In wezen beschouwen we oplossingen, of banen, als braids
(vlechtwerken) en links in drie dimensies. Dit proefschrift kan onderverdeeld worden in
twee stukken. In het eerste gedeelte passen we de Conley index theorie voor braid dia-
grammen, zoals ontwikkeld door R. Ghrist, J.B. van den Berg en R.C.A.M. van der Vorst in
2003, toe op oriëntatie omkerende twist afbeeldingen van het vlak. In het tweede gedeelte
behandelen we de ontwikkeling van een invariant voor de relatieve braid klassen, de zo-
genaamde Floer homologie. Dit is een algebraı̈sch topologische structuur die gebruikt kan
worden om forcing resultaten voor periodieke oplossingen van de Hamilton vergelijkingen
te verkrijgen. De technieken geı̈ntroduceerd in [34], die we in het eerste gedeelte aanwen-
den, zijn alleen toepasbaar op positieve braids, terwijl deFloer homologie bruikbaar is voor
alle braids (met zowel positieve als negatieve generatoren).

De twee onderwerpen in het proefschrift delen dezelfde methodologie: in beide
gevallen gebruiken we variationele principes. Deze stellen ons in staat om de periodieke
oplossingen van het systeem in kwestie als kritieke punten van zekere actie-functionalen
te beschouwen. Deze laatsten definiëren we op ruimten van braids, en we introduceren
gradiënt-achtige flows, die gerelateerd zijn aan de functionalen, op deze ruimten. De sta-
tionaire punten van deze flows corresponderen met de periodieke oplossingen van de orig-
inele systemen. De ruimten van braids worden opgedeeld in samenhangscomponenten die
braid klassen worden genoemd. De eigenschappen van de gradiënt-achtige flows op de
braid klassen zorgen ervoor dat deze klassen, onder de juiste aannames, isolerend zijn zodat
we de dynamica kunnen beperken tot deze klassen.

In Hoofdstuk 2 bestuderen we forcing in oriëntatie omkerende twist afbeeldingen. Eerst
merken we op dat de vierde herhaalde van zulke afbeeldingen uitgedrukt kan worden als de
compositie van vier oriëntatiebehoudendetwist afbeeldingen. Dan herformuleren we het
probleem in termen van parabolische flows, die de natuurlijke dynamica beschrijven op een
bepaalde ruimte van braid diagrammen. Vervolgens beschouwen we periode-4 punten, die
we kunnen classificeren in termen van corresponderende braid diagrammen. Deze kunnen
onderverdeeld worden in twee typen. Als een oriëntatie omkerende twist afbeelding een
periode-4 punt van het ene type heeft dan kunnen we existentie van een semi-conjugatie
met symbolische dynamica laten zien, waarmee we bewijzen dat het systeem chaotisch is.
We laten ook zien dat het andere type (van periode-4 punten) niet tot chaos leidt.
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In Hoofdstuk 3 presenteren we een manier om de periodieke oplossingen van de Hamil-
ton vergelijkingen te interpreteren als braids. Vervolgens definiëren we de correspon-
derende functionaal. DeL2 ‘gradiënt-flow’ van deze functionaal op de ruimte van braids
kan gezien worden als een verzameling van onafhankelijke Cauchy-Riemann vergelijkin-
gen, die aan elkaar gekoppeld zijn via randvoorwaarden komend van de braid structuur.
Omdat het beginwaardeprobleem niet goed gesteld is, beschouwen we alleen de ruimte van
begrensde oplossingen. We bewijzen dat deze verzameling compact is in deC1

loc topology.
Daarna laten we zien dat de zogenaamde ‘natuurlijke’ braid klassen isolerende omgevingen
vormen voor de Cauchy-Riemann ‘flow’. Dit volgt uit het kruisingsprincipe dat zegt dat
langs de evolutie van het systeem het kruisingsgetal van de braid (gedefinieerd als het ver-
schil tussen het aantal negatieve kruisingen en het aantal positieve kruisingen) alleen kan
afnemen.

Vervolgens definiëren we een relatieve index voor de stationaire braids van de Cauchy-
Riemann vergelijkingen. We behandelen een aantal transversaliteitsargumenten waarmee
we kunnen bewijzen dat in het algemeen de ruimte van verbindende banen tussen twee
stationaire punten een variëteit zonder rand is. De dimensie wordt gegeven door het verschil
van de indices van de stationaire limietpunten. Dit leidt tot de definitie van Floer homologie
voor natuurlijke relatieve braid klassen. Deze homologie hangt alleen af van de relatieve
braid klasse.

Met dit zijn we in staat om resultaten te behalen over de Floerhomologie in Hoofd-
stuk 4. In het bijzonder vinden we een tegenhanger van de Morse ongelijkheden, die ervoor
zorgen dat we, in het generieke geval, het aantal kritieke punten van indexk van bene-
den kunnen afschatten met hetk-de Betti getal. Vervolgens gebruiken we de Garside nor-
maalvorm van de braids om een braid te beschrijven als positief gedeelte gevolgd door een
aantal halve (hele) twists. We laten zien dat de Floer homologie van een braid klasse gelijk
is aan de op de juiste wijze verschoven Floer homologie van het positieve gedeelte van de
Garside normaalvorm van de braid. We eindigen het hoofdstukmet berekeningen van de
Floer homologie voor verschillende braid klassen van cyclisch type.



Summary

This thesis deals with methods for studying low dimensionaldynamical systems ex-
ploiting specific topological structures that are relevantin two and three dimensions. Essen-
tially, we regard solutions, or orbits, as braids and links in three dimensions. This thesis can
be divided into two major parts. In the first part we apply the Conley index theory for braid
diagrams, developed by R. Ghrist, J.B van den Berg and R.C.A.M. van der Vorst in 2003, to
orientation reversing twist maps of the plane. In the secondpart we deal with developing an
invariant of relative braid classes, called Floer homology. It is an algebraic topological tool
that can be used to obtain forcing results for periodic solutions of the Hamilton equations.
The techniques presented in [34], which we employ in the first part, can be used for posi-
tive braids only, while the Floer homology approach is applicable toall braids (with both
positive and negative generators).

The two parts share the same methodology: in both cases we obtain variational prin-
ciples. These allow us to study the periodic solutions of thesystem in question as critical
points of certain action functionals. The latter are definedon spaces of braids, and we
introduce gradient-like flows, corresponding to the functionals, on these spaces. The sta-
tionary points of this flows correspond to periodic solutions of the original systems. Spaces
of braids are divided into path components, called braid classes. The properties of the
gradient-like flows in question, allow us to show that under the appropriate conditions these
classes are isolating neighborhoods.

In Chapter 2, we study forcing in orientation reversing twist maps. First we observe
that the fourth iterates of such maps can be expressed as the composition of four orienta-
tion preservingtwist maps. We then reformulate the problem in terms of parabolic flows,
which form the natural dynamics on a certain space of braid diagrams. Second, we focus
our attention on period-4 points, which we classify in termsof their corresponding braid
diagrams. They can be categorized in two types. If an orientation reversing twist map has
a period-4 point of one type, then we show the existence of a semi-conjugacy to symbolic
dynamics, hence proving that the system is forced to be chaotic. We also show that these
results are sharp in the sense that the other type (of period-4 points) does not lead to chaos.

Chapter 3 presents a way to interpret the periodic solutionsof the Hamilton equations as
braids. Then we define the corresponding action functional on the space of braids, and the
L2 ‘gradient-flow’ of this functional can be seen as a set of independent Cauchy-Riemann
equations coupled via boundary conditions, that are dictated by the braid structure. Since
the initial value problem is not well-posed, one restricts attention to the space of bounded
solutions. We prove that the aforementioned set is compact in theC1

loc topology. The chapter
continues by proving that so-called ‘proper’ braid classesform isolating neighborhoods for
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the Cauchy-Riemann ‘flow’. This follows from the crossing principle, which dictates that
along the evolution of the system the crossing number of a braid (defined as the difference
between the number of negative crossings and the number of positive crossings) can only
decrease.

Next we define a relative index for the stationary braids of the Cauchy-Riemann equa-
tions. We present a series of transversality arguments, which allow us to prove that gener-
ically the space of connecting orbits between two stationary points is a manifold without
boundary. Its dimension is given by the difference of the indices of the stationary limit
points. This leads to the definition of a Floer homology for proper relative braid classes.
This homology depends only on the relative braid class.

With this, we are able to derive results about the propertiesof the Floer homology in
Chapter 4. In particular, we get a counterpart of the Morse inequalities, allowing us, in the
generic case, to bound from below the number of critical points of indexk by thek-th Betti
number. Next we exploit the Garside normal form of braids to describe a braid as a positive
part followed by a number of half (full) twists. We show, thatthe Floer homology of a
braid class is equal to the appropriately shifted Floer homology of the positive part of the
Garside normal form of the braid. We finish the chapter by calculating the Floer homology
for various braid classes of cyclic type.
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